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Abstract
Sudden two nucleon removal reactions on light, nuclear targets offer an excellent probe 
of the properties of exotic nuclei and are ideally suited to studying the evolution of 
nuclear structure far from stability. Here we extend the theoretical formalism for two- 
nucleon knockout to calculate heavy residue longitudinal momentum distributions, which 
are shown to be a sensitive probe of the total angular momentum of the nucleon pair. In 
tandem with 7 -ray spectroscopy, residue momentum distribution measurements provide 
a powerful tool for the identification of final state spins in very exotic systems. The 
sensitivity of the residue momentum distributions with respect to the nucleon binding 
energy and other factors is investigated.
Two-nucleon angular correlations are discussed, indicating that the total orbital an­
gular momentum is key to determining the residue momentum distribution shape. In 
addition, this provides a further insight regarding subtle differences in the residue mo­
mentum distribution associated with the particular quantum numbers of the individual 
nucleons.
Experimental sd-shell examples (22Mg(—2n), 38Si(—2p) and 28Mg(—2p)) are confront­
ed and excellent agreement is obtained with experimentally measured residue momentum 
distributions. The application of knockout reactions to heavy systems is considered, 
using two-proton removal from 208Pb as an example. Experimental isomeric ratios for 
this reaction are reasonably reproduced and the complications in their calculation, due 
to the high density of residue states and absence of prompt 7 -decay measurements, are 
highlighted. We also emphasise the importance of complete transmission of the full lon­
gitudinal momentum distribution of the residues in experiments measuring the isomeric 
ratios of high-spin states.
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Chapter 1 
Introduction
1.1 M otivation
The development of radioactive beams has revolutionised the field of nuclear physics, pro­
viding beams of highly exotic radioactive nuclei. For the first time, highly unstable nuclei, 
far from the valley of /^-stability have become available for reaction studies. Topics of par­
ticular interest are the limits of nuclear stability (drip-lines, nuclear halos), the evolution 
of shell structure far from stability (e.g. the islands of inversion) and the (associated) 
quenching of magic numbers. Exotic nuclei offer new and strenuous tests of nuclear struc­
ture models and are particularly important to nuclear astrophysics, as nuclei far from 
stability determine the paths of the astrophysical processes that create the elements.
One method of producing radioactive ion beams is in-flight fragmentation. A pri­
mary driver beam is focussed onto a production target producing a vast array of reaction 
products. One particular reaction product, the desired secondary beam, is then selected 
using a series of magnets and is focussed onto a second reaction target, at which the 
reaction of interest occurs. Following the reaction target further sets of magnets identify 
and select the final reaction residues, the momentum of which can be measured. The 
relatively low-intensity of the secondary beam allows one to surround the reaction target 
with 7 -ray detectors to perform in-beam spectroscopy on the desired reaction residues. 
The driver beam (and therefore secondary beam) energy largely depends on the experi­
mental facility, but the class of reactions that will be of interest here are best described 
at 60 MeV/nucleon or greater, with the theoretical approximations made improving as 
the energy increases. Within the next decade a number of new radioactive beam facilities 
will be commissioned; the Radioactive Ion Beam Factory (RIBF) at RIKEN is already in 
operation, and the Facility for Rare Isotope Beams (FRIB) at Michigan State University 
and the Super Fragment Separator at Helmholtzzentrum fiir Schwerionenforschung GmbH 
(GSI) are under construction. These facilities will provide intense radioactive beams cov-
1
1.1. MOTIVATION 2
ering vast swathes of the nuclear chart, currently terra incognita, at energies of 150 —1000 
MeV/nucleon.
A particular class of reactions th a t has been extensively exploited at current radioac­
tive beam facilities involves the sudden removal of a single nucleon by a light nuclear target 
[1], leaving behind an exotic heavy residue. Such reactions provide an efficient method for 
producing exotic nuclei, which can be studied through 7 -spectroscopy and via measure­
ment of the momentum of the reaction residue. The strength of the technique lies in the 
experimental efficiency in measuring the residues. The nucleon is either removed via an 
elastic (diffraction) or inelastic (absorption) interaction with the target, but is typically 
not observed in experiments. The final state exclusive cross sections of such reactions 
allow the extraction of single nucleon spectroscopic strengths [2] and the investigation of 
the suppression of such spectroscopic strength in asymmetric systems [3, 4]. In addition, 
the momentum distribution of the heavy residue is characteristic of the orbital angular 
momentum of the removed nucleon [1, 5, 6]. These facets of the reaction mechanism have 
been used to investigate the ground state properties and low lying structure of exotic 
nuclei with mass A  < 60.
More recently the sudden removal of two well-bound nucleons has been exploited to 
produce very specific exotic (N,Z)  combinations. The first description of the removal of 
two well-bound nucleons as a direct reaction was given by Bazin et al [7], with a more 
complete description provided by Tostevin et al [8 , 9]. Whereas single-nucleon removal 
tracks changes in single-particle structure, two-nucleon removal probes two-nucleon corre­
lations and facilitates study of rapid changes in structure. Of particular recent interest are 
nuclei in and around the 31Na-centred island of inversion [10], where two-particle-two-hole 
neutron configurations dominate the ground state wave functions due to a tensor force 
reduced neutron sd —p f  shell gap. Structural changes in 32Mg—>30Ne [11] and 38Si—>-36Mg 
[12] have been investigated via two-proton knockout, and the non-magic nature of 42Si has 
been clarified in similar studies [13, 14]. Further experiments have investigated a new is­
land of inversion associated with A  % 40 [15]. Such experiments deduce rapid changes in 
structure from highly suppressed two-nucleon removal cross sections. In a similar manner 
to the spectroscopic factors deduced in single-nucleon removal experiments, we require an 
accurate theoretical description of the final-state exclusive cross sections, as provided by 
Ref. [9]. This eikonal, adiabatic model incorporates both inelastic (stripping) and elas­
tic (diffraction) nucleon removal reaction mechanisms and reproduces the experimental 
final-state exclusive cross sections for 28Mg(—2p), 54T i(—2p), 26Si(—2p), 30S(—2p) and 
34Ar(—2n).
The great value of the single-nucleon removal technique is not only that precise spec­
troscopic information can be obtained from absolute cross section, but th a t the shape
3of the residue longitudinal (beam direction) momentum distribution is characteristic of 
the orbital angular momentum of the removed nucleon [5]. The measurement of such 
momentum distributions is commonplace and is a valuable facet of the technique. This 
aspect of two-nucleon removal requires further theoretical development. Approximate 
calculations based on limited sampling of two-nucleon overlap functions have indicated 
that the residue momentum distribution may be strongly sensitive to the total angular 
momentum of the two-nucleons [16, 17]. The primary objective of this thesis is the ex­
tension of current theoretical techniques to calculate the residue momentum distributions 
following the sudden removal of two nucleons from a fast radioactive projectile, and to 
provide an understanding of the extent to which these are sensitive to or could elucidate 
the correlations of nucleon pairs.
1.2 Outline
As stated, the primary objective is the theoretical framework for, and the sensitivities 
of, residue momentum distributions following the sudden removal of two nucleons. In 
Chapter 2 we discuss briefly the underlying (eikonal, adiabatic) approximations, before 
considering the two-nucleon removal cross section, which is then developed to consider 
residue momentum distributions. Careful attention is paid to the projectile-surface local­
isation of the cross section and the consequences for events where one nucleon interacts 
elastically with the target. We then pursue simplifications to the formalism developed, 
in order to better understand its sensitivities. In Chapter 4 we investigate two-nucleon 
angular correlations, gaining insight into the sensitivity of the residue momentum dis­
tribution to the particular quantum numbers of the nucleon pair. We then make some 
approximations to the nucleon radial wave function, giving insight into the sensitivities of 
the nucleon intrinsic momentum distribution. The sensitivity of the residue momentum 
distribution to various factors is investigated in Chapter 6, with the primary sensitivity 
being to the total angular momentum of the two nucleons. This makes final-state spin 
assignments possible for cases where the projectile is even-even. Experimental exam­
ples are then confronted in Chapter 7, where excellent agreement is found for 22Mg(—2n), 
38S i( - 2p) and 28M g(-2p). We proceed to consider two-proton removal from a heavy mass 
projectile, using 208Pb(—2p) as a test case, for which there are recently acquired data. 
Isomeric ratios for states populated in 206Hg were measured in a recent experiment [18], 
and reasonable agreement is obtained. In addition we discuss the residue momentum dis­
tributions and the importance of understanding the experimental longitudinal momentum 
transmission for determining isomeric ratios for high-spin isomers. We then summarise 
the principle results and discuss possibilities for future work in the concluding Chapter.
4A significant proportion of the key results of this thesis are now published in two peer- 
reviewed articles, Refs. [19] and [20], which described the theoretical formalism itself 
and the associated sd-shell examples mentioned above. These articles can be found in 
Appendices B.2 and B.3 respectively. The example of 208Pb(—2p) has been published 
in Physical Review C, and this article can be found in Appendix B.4. Further work on 
the additional complications that arise in the case of the removal of two weakly bound 
nucleons can be found in Appendix B .l. Specifically, the systematics of one- and two- 
neutron removal cross sections for neutron-rich carbon isotopes were studied. This article 
discusses the competing direct (single event two-nucleon removal) and indirect (single­
nucleon removal to particle unbound states) mechanisms that must be considered when the 
removed nucleons are weakly bound, showing that the indirect mechanism was expected to 
dominate the two-nucleon removal cross section. This work was the first to quantify these 
issues, which are of significant importance to future studies of two-neutron correlations 
in the most neutron-rich systems.
Chapter 2 
Two-nucleon knockout reactions
The objective here is the calculation of the heavy residue momentum distribution following 
the sudden removal of two like nucleons from a radioactive projectile by a light nuclear
target. The theory of two-nucleon knockout reactions is developed within an eikonal,
adiabatic framework and we begin by briefly summarising the approach and underlying 
approximations used in calculating the elastic scattering ^-matrices. Static-density S- 
matrices will be used in all calculations, the primary input to which are the projectile 
and target point nucleon densities. The formalism for two-nucleon removal is described, 
closely following the Refs. [8] and [9]. This formalism is then extended for calculation 
of the residue longitudinal (beam directional) momentum distributions, paying careful 
attention to the contributions arising from events where one nucleon is removed in an 
elastic process and the other is absorbed by the target.
2.1 Elastic scattering S-matrices
2.1.1 Eikonal approximation for point particles
The eikonal approximation provides a semi-classical solution to the scattering problem, 
applicable at high energies where i) the depth of the scattering potential is much smaller 
than the center of mass energy, and ii) the wavelength of the particle is much shorter 
than the distance of significant variation of the potential. We introduce the eikonal 
approximation by considering the scattering of a point (neutral) particle by a central 
potential V(R).  Solutions to this problem under high-energy approximations have been 
discussed in the literature e.g. Refs. [21] and [22]. Our objective is to solve the time- 
independent Schrôdinger equation,
Vhc(-R) =  (2-l)- — V 2r  + V(R)  -  E c
5
6Here R  denotes the separation of the two particles, written in cylindrical coordinates as 
R  = b + K Z ,  such that the direction of the Z-axis Z  is aligned with beam direction K.  
The reduced mass is fi and the centre of mass energy is Ecm. We extract the incident plane 
wave from the scattering wave function and hence write it as a product of an incident 
plane wave and an as yet unknown modulation function w(JR),
ipxiR) = exp(zi? • R)oj(R). (2.2)
Here K  = (2fiEcm/h 2)1^ 2 is the wavenumber. The classical velocity u is related to the 
wavenumber by v = HK/ji. The modulation function u(R)  contains all effects of the 
projectile-target potential and is assumed to vary slowly on the scale of the projectile 
wavelength. Substituting this solution back into the Schrôdinger equation and rearranging 
gives
2iK  • rüj(R) — - ^ V ( R ) lo(R) +  V 2ru (R) exp(iK  - R) = 0. (2.3)
We make the approximations [21] that i) the strength of the potential is weak compared to 
the centre of mass energy, |y | /E cm< l ,  and ii) the wavelength of the particle is short com­
pared to the distance a over which the potential appreciably changes, such that K a ^ l .  
We assume that u  is expected to vary little over the particle wavelength. The eikonal 
approximation then neglects the second derivative (curvature) term V%w(R), which for 
large K  and a slowly varying potential, is smaller than 2K  • V rlj(R) and thus we obtain 
the equation for the modulation function
f |  =  (2.4)
This can be solved, assuming the incident plane wave boundary condition, that u(R)  —> 1 
as Æ > —Koo, to find the modulation function
u(R) = exp (2.5)
The modulation function u(R)  is simply a one dimensional integral of the potential along 
the beam direction Z, tha t acquires a phase due to the potential field. Our neglect of 
the curvature term V%lj(R) implies that the modulation function u(R)  can be accurately 
approximated by assuming that the particle follows a straight line path through the 
potential at fixed impact parameter b. After the reaction where Z  —> oo, we obtain the
7c
Target
Figure 2.1: Co-ordinates for the composite two-body (c, z/) projectile and target system. 
The projectile momentum is denoted by K.  The internal projectile co-ordinate r is fixed 
for the duration of the interaction with the target due to the adiabatic approximation.
asymptotic form for the eikonal approximation to the wave function,
Jim  =  S(b) exp(zi? • R). (2.6)
Here we have defined the eikonal approximation to the 5-matrix 5(6)
5(6) =  exp
? f + 0 °
/  dZ' y (E ')
J —oo
(2.7)
hi/
which is essentially the amplitude for forward going scattered waves.
2.1.2 Two-body projectile
Here, the interest will be composite projectiles, where the projectile is described as several 
distinct constituents. The constituents can be individual nucleons or clusters of nucleons. 
We will consider a two-body projectile p consisting of a core c and valence nucleon v. 
Here, R  = b + Z K  denotes the separation of the target and projectile centre of mass, 
and r denotes the separation of the projectile constituents. The vector connecting the 
projectile centre of mass and the projectile constituent (c or v) is denoted by r*. The 
co-ordinates for the composite projectile are shown in Fig. 2.1. The impact parameters 
of each projectile constituent, that is, the projection of R  + ri on the impact parameter 
(x, y) plane, are denoted by 6%.
To generalise the point-particle case, the first step is the adiabatic approximation. 
This assumes that one degree of freedom changes more slowly than another, and as such, 
the slowly changing degree of freedom can be frozen for the duration of a fast interaction 
concerning the other degree of freedom. In the current case we assume that the internal
8projectile co-ordinate r varies slowly compared to the projectile-target co-ordinate R. 
That is, the internal motions of the projectile constituents are assumed slow compared 
with the projectile-target motion. The result is that the internal projectile co-ordinates 
are considered to be fixed for the duration of the interaction with the target.
We must now solve the adiabatic Schrôdinger equation. Since the projectile energy is 
assumed large when compared to the internal energy of the projectile corresponding to 
the internal Hamiltonian Hp, it is reasonable to replace the internal energies that enter 
the collision dynamics (determined by Hp) with the (small) ground state binding energy 
e0. Making the adiabatic approximation to Hp defines the adiabatic approximation to the 
scattering wave function as a solution of the adiabatic Schrôdinger equation,
Tr  + Upt(R, f ) - { E cm +  e0) y f ( R ,  f) =  o, (2.8)
where TR is the centre of mass kinetic energy. The interaction between the projectile and 
target Upt{R,r)  is the sum of interactions of the individual constituents in the projectile 
and the target Vit{\R + fi\).
We then use an eikonal factorization of the adiabatic wave function, which separates 
the centre of mass motion and internal separation co-ordinates of the two-body projectile. 
The projectile internal (ground state) wave function is ÿ0(f) and again the modulation 
function is u(R ,  f),
(Æ, r) = exp(iK  • R) (j>0(r) uj{R,r) (2.9)
where now h K  =  ^ 2 f i (E cm +  e0).
The same procedure can be followed to obtain the solution for the two-body modu­
lation function u (R , f ) ,  again with the incident plane-wave boundary condition tha t for 
fixed vector r, cv(jf?, r) —> 1 as ^  > —ooK,
u (R , f )  = exp
=  exp (2 .10)
In the second line we have simply expressed the projectile-target interaction Upt(R ,r)  as 
a sum of the interactions of the individual constituents with the target Vu. The mod­
ulation function u (R ,r)  thus factorises into the modulation functions for the individual 
constituents c and v. Again taking the post-reaction limit Z  —> ooK, we obtain the
9eikonal solution to the adiabatic Schrôdinger equation,
lim r) =  Sc(bc) S v(bv) exp(iK  • R) ÿ0(f), (2.H)
Z —►oo
where the core c and valence v impact parameters are bc and bv. The result is that for 
each fixed f  the S'-matrix for the interaction of a two-body projectile with the target can 
be written as a product of the 5 -matrices of the individual projectile constituents at the 
appropriate impact parameters. The projectile 5-matrix is obtained by integrating over 
the projectile ground state internal co-ordinate r. This fact has been widely exploited in 
the analysis of halo systems and, in particular, the extraction of root-mean-square radii 
from measured reaction cross sections, where taking proper account of the projectile’s 
structure as an extended object with a few separated constituents is of importance.
2.1.3 D ensity folding models
Calculation of elastic scattering 5-matrices from a folding of projectile and target densities 
has been formulated from various viewpoints in the literature. When considering the colli­
sion of an individual particle with a nucleus, Glauber [21] assumes an independent particle 
model for the many-body nucleus, neglecting nucleon correlations. The square modulus 
of the ground state wave function may then be written as the product of single-particle 
densities. Czyz and Maximon [23] discuss scattering profiles, essentially the scattering 
probability for a projectile with impact parameter b, in terms of projectile and target 
densities. Several authors [24, 25] discuss how the single-scattering tpp approximation 
relates the nuclear optical potential to the projectile and target ground state densities. 
Common to all such approaches is the connection of tangible projectile and target density 
profiles and the appropriate elastic scattering 5-matrices, via a folding with an effective 
nucleon-nucleon interaction.
The approach outlined here, following Refs. [26] and [27], has been used in the analysis 
of the reaction and nucleon-removal cross sections for exotic nuclei. The radii of loosely 
bound n Be, 6He, 11 Li and 14Be were obtained from reaction cross section measurements 
[26, 27] using the static density 5-matrices discussed in the following. Ref. [28] studies the 
systematics of the reaction cross sections of carbon isotopes. The technique has been used 
extensively in the study of single-nucleon removal reactions on light nuclear targets, both 
for weakly bound and strongly bound nucleons. Precise absolute spectroscopic strengths 
for protons and neutrons in 12C and 16O have been extracted from single-nucleon removal 
cross sections [2]. Calculations for single-neutron knockout using static-density 5-matrices 
have also been shown to be consistent with more microscopic nucleon-nucleon potential 
approaches [29]. More recently, 5-matrices calculated using this method have accurately
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reproduced the relative strengths of the elastic and inelastic breakup contributions to 
single-proton removal from 9C and 8B [30]. Heavy residue momentum distributions cal­
culated with static-density S-matrices are in precise agreement with experiment (see e.g. 
8B(—Ip) [6], 19C(—In) [31]). Recently similar approaches have been applied to deformed 
projectiles, where the orientation of the projectile symmetry axis is important [32, 33].
Here we consider the scattering of a projectile p with target t, where the mass (proton, 
neutron) number of the projectile is denoted by Ap (Zp, Np), and similarly for the target. 
The projectile and target are assumed to have point nucleon density profiles pp(r) and 
pt(r). The proton and neutron density profiles of an extended projectile will be, when 
required, referred to as pp (r) and pp{r). If the projectile is a single nucleon, the density 
is simply a delta function. As before, the projectile-target co-ordinate is denoted by 
R  — (b,Z), where the Z-axis is coincident with the beam direction such that b is the 
projectile centre of mass impact parameter. The internal co-ordinates of the projectile 
and target are denoted by rp and rt respectively.
We will assume the projectile and target interact through complex effective interactions 
Vu, approximated from the projectile and target densities and an approximate effective 
nucleon-nucleon interaction tNN (in units of inverse distance) by the folding integral,
Having made the forward scattering approximation, the elastic S'-matrix is given as (Ref. 
[27]), where t NN is assumed central and the densities p(r) assumed spherical,
For the case where the projectile is a nucleon, assumed to have point density pp(rp) = 
5(rp), the S'-matrix is given as
The effective nucleon-nucleon interaction is taken to be
2vw(r) — (2.15)
Here d%N is the isospin averaged free nucleon-nucleon total cross section appropriate for
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the projectile target system, given by,
(NpNt + ZpZt)(jpp + {NpZt + NpZt)(jpn 
A pA t
(2.16)
which takes into account the difference between the nn  and pn  free nucleon-nucleon total 
cross sections. We assume that the neutron-neutron and proton-proton interactions are 
identical. The total cross sections themselves are taken from the parametrization given 
by Ref. [34]. Experimental free nucleon-nucleon cross sections were fitted to obtain,
where the cross sections are in mb and (3 = v /c  is the projectile laboratory velocity in 
units of the speed of light. This is related to the projectile lab energy Eiab in units of 
MeV/nucleon, by
where m0 is the nucleon rest mass in units of MeV/ c.
The projectile energy dependence of the 5-matrix is introduced through the energy
cross sections are actually reduced from their free values when the reaction occurs in the 
nuclear medium. The effect of a density dependent nucleon-nucleon total cross sections
two-neutron removal cross sections for 6He and n Li by, at most, a few percent.
The parameter a  in Eq. 2.15 is the ratio of the real to imaginary forward scattering 
amplitudes and is included to account for the fact that the nucleon-nucleon amplitude 
is not entirely absorptive, even at high energy. This parameter is taken from fits to 
experimental free nucleon-nucleon cross sections and is tabulated as a function of energy 
in Ref. [36]. The minimum energy given by Ref. [36] is 100 MeV and for beam energies 
below but close to this energy we use the value for 100 MeV. In Ref. [31] the use of a  
values taken from a polynomial fit to the values of Ref. [36], extrapolated to below 100 
MeV was considered and was shown to affect the diffractive cross section for 15C (- ln )  by 
wl0%. The stripping cross sections are independent of a  so remained unchanged.
The function g(r) in Eq. 2.15 defines the profile of the nucleon-nucleon interaction 
and is either assumed to be a delta function (zero-range), or a finite-range Gaussian with 
range parameter (3NN. Where a finite range nucleon-nucleon interaction is used we will
70.67 -  18.18//? +  25.26//?% +  113.85/?,
, =  13.73 -  15.04//? +  8.76//?% +  68.67/?,
(2.17)
(2.18)
o = ^_=  V  E lab +  SmoElab
P  ~  „  IP  i ™c Eiab +  777,0
(2.19)
dependence of the free nucleon-nucleon total cross sections. The nucleon-nucleon total
was considered in Ref. [35] and shown to effect the reaction cross section of 12C + 12C and
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assume a range parameter (3nn =  (3np = 0.5 fm. In the case of a zero-range interaction the 
integration over the beam direction z  components of rp and rt may be carried out. The 
5 -matrix may then be written in terms of the projectile and target ground state densities 
projected onto the impact parameter plane (see Ref. [26]),
/+oo dzp(\s  + z\). (2.20)
-oo
The density profiles for the projectile core are typically taken from spherical Hartree- 
Fock calculations. Those for the (stable) carbon or beryllium target are assumed to be 
Gaussian, with root-mean-square radius taken from reaction cross section measurements
[37]. For exotic systems the Hartree-Fock calculations may suggest a proton or neutron 
skin - an excess of one type of nucleon near the surface of the projectile. The different 
density profiles of the protons and neutrons can be explicitly taken into account as was 
done in Ref. [3] for the case of neutron removal from 32Ar. The proton and neutron 
distributions for the target were assumed to have the same profile pt , but are appropriately 
normalised to the number of protons or neutrons. The separate point proton and neutron 
density distributions for the projectile core (/?£ and p”) can be taken directly from the 
Hartree-Fock calculations. The differences between the like-nucleon tnn and unlike-nucleon 
tnp effective nucleon-nucleon interactions can then be taken into account. Explicitly, the 
integrand of Eq. 2.13 is rewritten as
tNNPpPt -  tjg -  (z tP;  +  N tf )  +  ^  (NtP;  +  z tP; ) . (2.21)
It is assumed that tnn = tpp. The effective nucleon-nucleon interaction then contains 
the relevant free nucleon-nucleon total cross section and not the isospin weighted cross 
section of Eq. 2.15. In Ref. [3] it was demonstrated that for single-neutron knockout 
from neutron-deficient 32Ar, the cross section is insensitive to the (proton) skin thickness 
and even to the precise shape of the density distribution.
2.2 Correlated two-nucleon knockout
We consider the removal of two nucleons from an (often radioactive) A  +  2-body pro­
jectile incident on a light nuclear target, such as carbon or beryllium, at energies >60 
MeV/nucleon. The A-body heavy residue is observed after the reaction. We consider 
population of the A-body residue by direct two-nucleon knockout (single-event) only. 
This is the only viable mechanism for well-bound nucleons, that are initially deficient 
in the projectile. Removal of a single well-bound nucleon to a particle-unbound state is
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likely to lead to evaporation of the other type of nucleon, due to asymmetric nucleon 
separation thresholds. Further, if the removed nucleons are well bound the A +  1 body 
system will have a high separation threshold for nucleons of the type removed, such that 
the single-particle strength is exhausted before sufficiently high excitation energies are 
reached. Direct two-nucleon knockout is thus an efficient method of producing specific 
exotic species. The removal of two weakly bound nucleons populates states in nuclei less 
exotic than the projectile and thus is of less interest, and cases of unlike-pair removal 
require consideration of contributions arising from indirect (direct one-nucleon knockout 
followed by nucleon evaporation) two-nucleon removal. This two-step contamination of 
the clean, direct, one-step two-nucleon removal mechanism is discussed in some detail in 
Ref. [31] (see Appendix B.l).
The first experimental exploitation of direct two-nucleon removal was made in Ref.
[38], which used two-proton removal from 36Si to perform 7 -spectroscopy on 34Mg, ex­
tending information on the island of inversion. Whilst this study used a two-proton 
removal reaction as the production mechanism for the isotope of interest, it was not until 
later that the reaction was confirmed to proceed as a direct reaction [7], when absolute 
cross sections and residue momentum distributions were measured for several examples 
of two-proton removal and described within a direct reaction model. A fully correlated 
theoretical description of the absorptive part of the cross section was given in Ref. [8] 
and applied to several sd-shell examples. Further examples were given in Ref. [39]. The 
removal of two-neutrons from neutron deficient projectiles was later shown to proceed as 
a direct reaction [40]. The theoretical formalism was then developed to include events 
where one of the nucleons is removed via an elastic interaction with the target and the 
other via an inelastic interaction, and with simple estimates of pure elastic removal of 
the two nucleons. Most recently, estimates have been made for the shapes of the heavy 
residue longitudinal momentum distributions, suggesting that they may depend strongly 
on the state populated [16, 41]. The goal here is to fully develop the formalism required to 
calculate the residue longitudinal momentum distribution and investigate its sensitivities.
2.2.1 Two nucleon overlap functions
We first consider the two-nucleon knockout cross section following the formulations of 
Refs. [8] and [9]. To clarify the notation of these references we denote a particular 
final state of the heavy residue by / ,  having spin Jf . A particular final state /  in a 
particular magnetic substate My, is denoted by F, such that F  = (/, My). We consider 
the population of a particular heavy residue state / ;  the final state exclusive cross section.
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We begin by considering the shell-model antisymmetrized two nucleon overlap, written as
(A, 1, 2)>
=  J 2  c £ v {IfJ,Jf M f \JiM i)l<Pf>1 ®<l>i32W-  (2.22)
IfJLCt
Here, ^ j iMi{A, 1, 2) is the full (A +  2)-body projectile ground state wave function and 
is a particular (shell model) A-body heavy residue final state. The index a  = 
(ni^iA, ^ 2^ 2J2) =  (A, A ) denotes a pair of orbitals of the two nucleons (the two-nucleon 
configuration), such that A denotes a given orbital in the assumed active shell-model 
model space. For each final state /  many different orbital pairs can contribute and these 
are summed coherently. C a JfI is the signed two-nucleon amplitude which reflects the 
parentage and phase of the two nucleons about a particular core state in the projectile. 
These are typically taken from shell model calculations where they are related to reduced 
matrix elements of coupled nucleon creation operators [42, 43],
r ,J iV  _  zn oox
[(2J/  +  l) ( l  +  5A A )]i/2 (2' 3)
Alternatively, if neglecting residual interactions in the shell model, these can be related 
to the appropriate two-nucleon coefflcients of fractional parentage [44]. In this limit, the 
residue states are assumed to be pure two-nucleon-hole configurations, which necessitates 
making some (independent-particle-model) assumption about the projectile ground state 
wave function. For cases where all the active shells are filled, the two-nucleon amplitudes 
derived from coefficients of fractional parentage are simply ^/2Jy +  1. Expressions for 
cases where the removed nucleons are from the same partially-filled shell can be found in 
Refs. [8 , 42, 44, 45].
The antisymmetrized two nucleon wave function in jr/-coupling is given as
[fji (g> ç y =Da (jimij2m2|//i)
mimz
x t c m c t 2) -  (2.24)
where the single nucleon wave function for nucleon i, =  ÿ ^ (n ) is given by
= ^ ] ( ^ g o - |;m )  %jf(n) FgA(n)
A ct
(2.25)
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and the normalisation coefficient Da is
2(1 +  <W2)
1 (2.26)
For convenience we have suppressed isospin labels in the above, since we restrict the 
present discussions to like-nucleon knockout. The two-nucleon amplitudes are (assumed
dently. The use of isospin TNA requires (i) multiplication of Eq. 2.22 by the appropriate 
isospin Clebech-Gordan coefficient (TrT/r/lT jri), (ii) the addition of the phase ( - l )r+1 
to the second (exchange) term in the square bracket of Eq. 2.24 and (iii) multiplication 
of the same equation by an isospin wave function XttO-, 2). Additional isospin labels and 
summations are required. We consider isospin explicitly when discussing LS-coupling. 
The isospin equivalents of Eqs. 2.22, 2.24 and 2.25 can be found in Section 2.3.5. Since 
protons and neutron are distinguishable, if unlike-pair knockout were described using 
pn-formalism two-nucleon amplitudes, the two-nucleon wave function would be a simple 
product of single-nucleon wave functions. Additional two-nucleon amplitudes are then 
required to explicitly take into account the interchange of proton and neutron orbitals.
The angular momentum coupling of the two nucleons is shown schematically in Fig.
2.2. The formalism presented here is developed in jj-coupling, where the nucleon orbital 
angular momentum ^  and intrinsic spin s are coupled to total angular momentum A, 
whereupon the two nucleons are coupled j i  +  A =  / .  Later (Section 4.2) we shall consider 
LS'-coupling, where the nucleon orbital angular momenta l i  and l 2 are first coupled to 
total L, with the intrinsic spins coupled to S. This proves useful when considering the 
residue momentum distribution. The LS'-coupling scheme was also used to assess the 
5  =  0 and 5  =  1 content of the two-nucleon overlap function [8].
The eikonal reaction dynamics restrict the projectile constituents to follow straight 
line paths past the target, so that each constituent’s impact parameter 6% is fixed. The 
projectile core-valence nucleon co-ordinates are naturally written in cylindrical polar form 
r = (s,<p,z), where the spherical polar angle 6, satisfies cos# =  z /r . These are shown in 
the impact parameter (%, y) plane in Fig. 2.3. We assume that, since the projectile core 
is significantly more massive than the two nucleons, the core impact parameter and the 
center-of-mass impact parameter are coincident, dubbed the no-recoil approximation.
to be) given in pn-formalism where the proton and neutron orbitals are treated indepen-
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Figure 2.2: Angular momentum coupling schemes used in the calculations. The initial 
projectile ground state and final residue state have spin Ji (Mi) and Jf  (My) and isospins 
Ti (n) and Tf  (7 7 ) respectively. Each two nucleon configuration a  consists of two orbitals 
Pi and p2 of spherical shell-model quantum numbers ni: A, and ji (A; and ra*). In j j -  
coupling the total angular momentum of the two nucleons j i  +  j 2 is denoted by I  (fi), 
which must also couple the initial and final state spins. In L S  coupling, we couple the 
orbital angular momenta l i  and l 2 to L  (A), the intrinsic spins to S  (E) and then L  and 
S  to the total angular momentum / ,  which again must couple the initial and final state 
spins. The projections of the angular momenta described above are shown in brackets.
z
/
Figure 2.3: Co-ordinates used in the calculations in the impact parameter plane. The 
core-valence nucleon co-ordinate r* has projection on the impact parameter plane (that 
perpendicular to the beam direction) of s* =  (s ,^ (pi). The x  direction is defined as the 
direction of the center-of-mass impact parameter 6, such that (fi is the angle between b 
and Si. The impact parameters of the nucleons are hi =  6 +  s*, where b is the centre-of 
mass impact parameter, which under the no-recoil approximation is coincident with the 
heavy residue impact parameter.
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2.2.2 Absorption cross section
Our starting point, as in Refs. [8] and [9], is the absorption cross section for a composite 
three-body projectile, consisting of two valence nucleons 1 and 2, and a heavy core. The 
absorption cross section, where the interaction leaves the target in a state other than its 
ground state, is written as
^abs ^ 2  [  dbfàjiMi |l  — |5 / |2|5 i |2|52|2| , (2.27)
J i M i J
where is the three body projectile ground state wave function. The elastic scatter­
ing 5-matrices are denoted by Si for nucleons 1 and 2 and the final residue / ,  calculated as 
described in Section 2.1.3. They are each a function of the respective impact parameters 
h  = \b +  Si\. The abbreviation J* =  vz2 J^+ T  is used extensively throughout. The sum­
mation over M i  arises from the average over the projectile ground state spin projections. 
When considering two-nucleon removal reactions we are interested in events where the 
two-nucleons are removed from the projectile and the heavy core (or residue) is measured 
after the reaction, having not suffered an absorptive collision with the target. We extract 
these events from the absorption cross section by expanding the absorption operator using 
1 =  n»=c,i,2 [l^ | 2 +  (1 — |5j|2)] and retain only terms where the core is elastically scat­
tered during the reaction, i.e. those containing the core survival probability |5 / |2. The 
remaining contributions to the absorption cross section involve the operator
Oko — |£ / |2 [(1 — |«Si|2)(l — |52|2) +  |5 i |2(l — |52|2) T  (1 — |5 i |2)|S2|2] • (2.28)
These terms reflect the underlying two-nucleon removal mechanism, where the residue 
final states interact elastically with the target. The first term describes events where 
both nucleons are absorbed by the target and the second two terms describe events where 
one of the two nucleons is elastically scattered and the other absorbed.
The stripping (inelastic breakup) cross section was formulated and discussed in Ref. 
[8] and arises from the first term in the square bracket of Eq. 2.28 involving (1 — |5i |2) (1 — 
|<S2|2), i.e.
^ ( ^ iMt ||5 / |2(l -  N 2)(l -  |52|2)|vE-JiMi) . (2.29)
In addition to the purely absorptive terms, Ok0 contains terms where one of the two 
nucleons, 1 say, undergoes an elastic collision, described by |5 i|2, whereas the other, 2 , is 
absorbed by the target. These events where nucleon 1 interacts elastically correspond to
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the cross section <Ji, given as,
o"i =  ^  f  db jiMi11^/12l^ i|2(l — • (2.30)
Ji Mi J
There will also be cross section corresponding to the elastic scattering of nucleon 2 and 
the absorption of nucleon 1, denoted cr2.
We assume that the residue-target 5-matrix is diagonal with respect to final states of 
the heavy residue F, such that the reaction induces no dynamical excitation of the core. 
We also assume that the residue-target 5-matrix for each of the residue excited states /  is 
the same as the ground state, denoted S c. This approximation is termed the “spectator- 
core” approximation in the literature. Having also made the spectator-core and no-recoil 
approximations we can remove explicit dependence on the residue final-state co-ordinates 
and write,
= < M S C(&)|2 =  Sf ,f ,SMf,M),\Sc(b)\2- (2-31)
The spectator-core approximation gives an incoherent sum over the final residue states / .  
Further, it will allow us to sum over the projections of the projectile ground state Mi and 
residue final state M /, a consequence of which is that the cross section is an incoherent sum 
of the contributing nucleon pair total angular momenta I. The no-recoil approximation 
allows us to remove the residue final state (core) 5 -matrix from the integral over the 
two-nucleon co-ordinates. The part of the total absorption cross section corresponding to 
events where the core survives the interaction is then given by
Val = astr +0-1 4-(72 =
/
^ 2  [  db \SC\2 [(! -  l^iI2)C1 -  1^212)
Mi J
+ |£ i |2(l — |52|2) +  (1 — |5 i |2) |52|2] i (2.32)
Pj i 
where, instead of the three-body wave function ^  Mi (A +  2), we now have the two- 
nucleon overlap function T ^ f . ( l , 2) and (...) indicates integration over spin and spatial 
co-ordinates of the two nucleons. Note that this is not the same as the two-nucleon 
removal cross section. The first term in the square bracket corresponds to two-nucleon 
removal via pure absorption <7str, but for the second two terms there is no guarantee that 
the elastically scattered nucleon is not bound to the target following the reaction. In 
fact, the latter two-terms are much closer to single-nucleon stripping than two-nucleon 
knockout.
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2.2.3 Reaction mechanisms
The expanded absorption cross section Eq. 2.32 contains terms where both nucleons 
interact inelastically with the target (1 - 1^ |2)(1 -  |<Sj|2), described in Ref. [8], and events 
where one interacts inelastically and the other elastically (1 -  |<Si|2)|<Sj|2, described in Ref. 
[9]. The total operator for events where the core is not absorbed in the reaction is written 
as
CW c, 1,2) = O str{c, 1,2) +  O i s (c, 1,2), (2.33)
where
O str ( c ,  1,2) =\Sc\2JCi(l, 2) =  |<SC|2(1 -  |£ i |2)(l -  |S2|2), (2.34)
Ods(c, 1,2) =|<Sc|2/C2(1, 2) =  |<SC|2 [(1 — |<Si|2)|<S2|2 +  |<Si|2(l — |<S2|2)] . (2.35)
The term (9str(c, 1,2), referred to as pure stripping or simple stripping, describes events 
where both nucleons interact violently with the target such that the nucleons are no longer 
bound to the core and the target does not remain in its ground state. The term O ds(c, 1,2) 
referred to as diffractive-stripping describes events where one nucleon is absorbed by the 
target and the second is elastically scattered.
The operator | ^ | 2 describes the survival probability of the valence nucleon and target. 
The overlap integral -  |Si|2) |5 j |2| » ^ . )  implicitly includes many events where
the valence nucleon interacts elastically with the target but remains bound to the core of 
the projectile, and many more events where the valence nucleon does not interact with 
the target at all. Such events do not populate A-body residue states. In order to remove 
contributions where the valence nucleons remain bound we project off the bound states 
of the valence nucleon |çÇ, ) by rewriting
6%, (2.36)
for the diffracted nucleon. The sum over bound states f  extends over the active orbitals, 
consistent with the shell-model model space. This generates the original /C2(l,2 ) from 
the first term in the square bracket and an additional term £ 3(1, 2) from the second 
(projection) term,
\Si s* 1 - E i '^Wi
Ois{c, 1,2) = |S C|2 [£2(1,2) -  £ 3(1,2)], (2.37)
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where £ 3(1, 2) is given as
« 3(1, 2) =  ] T  [^ |ÿ p " ) (ÿ p " |g :( l  -  |S2|2)
j" m "
+(1 -  . (2.38)
The cancellation between the terms £ 2(1,2) and £ 3(1,2) may necessarily be very large 
since the largest contributions to £ 2(1, 2) arise when the diffracted nucleon is far from 
the target and |<Sj|2 —> 1. At large impact parameters, the diffracted nucleon is expected
to interact weakly with the target and remain bound to the core. Later, we develop the 
formalism for residue longitudinal momentum distributions in terms of the pure stripping 
events, and subsequently discuss the diffractive-stripping terms in Sections 2 .2.6 and 2.3.6.
2.2.4 Surface localisation wave function sampling
Our outline picture of the reaction has the projectile undergoing a grazing collision with 
the target, during which two nucleons from the projectile are removed by the stripping 
and diffraction mechanisms. The two nucleons are rather like the juvenile porridge thief 
Goldilocks; if too near to the centre of the projectile, the projectile core will be absorbed 
by the target; if too far away from the core, the probability for finding the nucleons, 
determined by the single nucleon wave functions, is too small. This picture requires 
the two nucleons to be near the surface of the projectile for them to be removed in the 
reaction. This spatial localisation of the reaction means that, regardless of the mechanism 
of removal, be it elastic or inelastic, the removed nucleons must originate from a similar 
volume of the projectile ground state. The momentum content of the wave function in 
this sampled volume will then be relatively independent of the details of the reaction 
mechanism.
Given that the core is a spectator, that the 5-matrix is independent of the final state 
/  and is diagonal with respect to the final core states, we can integrate out explicit depen­
dence on the internal degrees of freedom of the core. That is, the A  nucleon coordinates 
of the projectile core can be eliminated, giving
(2.39)
Using the expression for the two nucleon overlap we can write the knockout cross section,
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populating a particular heavy residue state / ,  as
i MiMf
(2.40)
Since Oko depends only on the centre of mass impact parameter b and impact parameter 
plane projections si and s2, if the integrals over n  are written in cylindrical co-ordinates 
Ti = (si, zi), we can take Oko outside the integrals over zi: to give
where (...) indicates integration over the spin coordinates. Here, and elsewhere in the 
following, the integrals over are taken to be over the range — oo to +oo. Essentially, 
the knockout reaction probes the properties of the projectile ground state wave function 
in a volume defined by the 5 -matrices, necessarily near the surface of the projectile.
The surface localisation of the stripping cross section is demonstrated by considering 
the differential cross section with respect to the projection of a core-nucleon vector (fi) 
on the impact parameter plane Si. This is shown in Fig. 2.4 for the case of two-proton 
removal from 28Mg. The two-protons are bound by half the two-proton separation energy 
52p(28Mg)/2=15 MeV. The precise details of the radial wave functions can be found in 
later Sections. It is compared to the projected density of the projectile core p(z) (s) given 
by Eq. 2.20. The events contributing to two-nucleon removal are expected to localise the 
two nucleons to a region between the centres of the projectile core and the target. This 
localisation of si makes p^z\ s )  the best measure of the local core density, though it is 
normalised such that
where A  is the mass of the projectile core. The peak cross section for this example is 
localised at s % 3.5 fm, where the core projected density has fallen to approximately 20% 
of the central value. Though the nucleons are strongly bound, the reaction will certainly
events occur for s æ 2 -  6 fm for 28M g(-2p), where the root-mean-square radius of the
cr,■(/J = db d s j  ds2 V f( s u s2) Oko(b,Su S2).I ! S (2.41)
Here, we have defined the joint position probability Vf{si,  %), given by [17],
i MiMf
(2.42)
(2.43)
probe significantly more than the tail of the nucleon wave function; two-nucleon knockout
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Figure 2.4: Surface localisation of the stripping cross section for [(M 5/2]2 removal from 
28Mg for ^ — O (solid), 2 (dotted) and 4 (dashed). The projected core density profile 
(or thickness function) pz(s) is shown by the solid circles. The cross sections is isolated 
at the projectile surface and is relatively insensitive to the coupling of the two nucleons. 
Note the normalisation of the curves is somewhat different. Integrating dcr/ds over s 
will give the stripping cross section cr^ . To obtain the total number of core nucleons 
we must integrate pz(s) over s i.e. vectorial s, essentially integrating spz(s). The reason 
we have plotted pz(s) and not 27rs pz(s) is that the cross section is expected to arise 
from a relatively small region between the projectile and target i.e. a narrow band of the 
azimuthal angle </?, where pz(s) is a more reasonable measure of the local core density.
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radial wave function is % 3.3 fm.
2.2.5 Simplification of the stripping terms
Whilst the expression (Eq. 2.41) of the cross section in terms of the two-nucleon joint 
position probability is useful, for computational reasons we need to factorise the multi­
dimensional integrals as far as possible. In the following we will consider only the pure 
stripping cross section, resulting from events where both nucleons are absorbed by the 
target and the heavy core of the projectile survives the collision. Calculation of the 
diffr active-stripping term follows in a near-identical manner, by replacing the stripping 
operator (9sir(l, 2) with the diffr active-stripping operator (9^(1,2). Having made the 
above expansion of the absorption cross section (Eq. 2.32) we can write the total two 
nucleon stripping (absorption) cross section astr as a sum of the final-state-exclusive strip­
ping cross sections
Vstr — ^   ^ * (2.44)
f
Here the final-state exclusive cross section is
= i  E  / m  n 2 mZLiwi, w ' Z L ). (2.45)
Ji MiMf J
where the bra-ket (...) denotes integration over the spin and valence nucleon co-ordinates 
Ti. We extract explicitly the integration over the nucleon co-ordinates fj,
2) |* S f,>  =  j  dr, J  dr2 ^ ( 1, 2) , (2.46)
after which (...) denotes the spin-integrated two-nucleon overlap. We now consider this 
further. By inserting the anti-symmetrized two nucleon wave function, Eq. 2.24, we 
obtain
i MiMf i II1 nn'act'MiMf
(JliJ fM M tM i) (I'n’
< [ ^ ( 1 ) ® ^ ( 2 ) ] /V \ W M ^ M ^ ) sp ■ (2.47)
The spectator-core approximations prohibits dynamic excitation of the core, such that
F  = F f (Eq. 2.31). This results in an incoherent sum over the final state spin-projections
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Mf. We can now sum over these projections using,
t2
5 3  ( W f M f V i M i )  (I'ti’JfM flJiM i) = -±S i j ,6m ' (2.48)
MiMf
giving also an incoherent sum over I  and (i. Inserting this result into Eq. 2.47 gives
—  w  (w(F) ro (F) \ -  v  ^ J/J c i J flD a  D°-'p  2—1 y*JiMiV*JiMi)SJ, -  2—, p
MiMf laa' 1
53
(2.49)
We have introduced the spin-integrated alternate braket (çÇ \4>™)Sp for an individual 
nucleon, written, as in Ref. [8], as
Wy l<#r)sp =  5 3  (^Ago-|jm)
A A 'c r
=  5 3  {j'm 'M j™ )
kq
W  (jski'; e j ')u fe> (r)uje (r)Ykq (f)
= 5 3  ( f m 'k<lh'm ) z k q \r ) ’ (2.50)
kq
where in the second line we have used the addition theorem to combine the spherical 
harmonics and summed over the projections A, A' and <r. (f) is a shorthand for the
square bracketed expression where we recall j3 indicates a particular orbital. Previously 
(Refs. [8] and [9]) this was written as ((j'£'\Okq(f)\ji)).
Note that the four (square bracketed) terms in Eq. 2.49 can be reduced to two for 
calculation of the cross section. The first (third) and second (fourth) terms are identical 
save for the interchange of the co-ordinates of nucleons 1 and 2 , and as the operator Si is 
symmetric with respect to interchange of 1 and 2 , the two terms are equivalent.
Equation 2.49 contains four products of two brakets (ÿy \<j>™)sp, the first and second 
brakets of each pair being for nucleons 1 and 2 respectively, which arise from the product 
of anti-symmetrized two-nucleon wave functions. The first two products of brakets are
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referred to as direct terms and the last two as exchange terms. In calculating the stripping 
cross section one must evaluate the product of two such brakets as shown in Eq. 2.49 and 
one can recouple the relevant angular momentum as was done in Ref. [8]. For the purposes 
of calculating residue momentum distributions it is preferable to retain the dependence 
on the projection of the orbital angular momenta A, so we simply write (cfÇ |<ÿ™) as
KA'so-l/m') exp[z(A -  A')<p]
\Ct\u>j£{r)PlXl (cos 9) Cvx'Uj'e' (r)-fÿ  1 (cos 9)
XX1 a
(2.51)
where the coefficients arise from the spherical harmonics and are defined [46] as
(21 +  1) (I — A)!
47t (£ +  A)!_
1/2
:(—1)aC^ |a|,
A > 0 ,
A < 0 .
(2.52)
(2.53)
For completeness, we show the recoupling of the stripping cross section for cases where 
only the momentum-integrated cross section is required. We first integrate the alternate 
braket (ÿ y 'lÿ ^sp  over the nucleon position co-ordinates, incorporating the relevant S- 
matrix, giving
-  |5i|2) |$ )  = J d n  ( $ | ( i  -
= E  J  d,n(i -  l<Si|2)z ff (fi)
=  E ( b ) ,
kq
(2.54)
where we have defined the integral over the co-ordinates of nucleon i, (6),
zff(b)  =  J  dSi (1 -  ISito)!2) j  dzi Z ^ X n ) .  (2.55)
Previously the function {b) was denoted by { / f  1 ^ ( 5 ) ^ } .  It remains to 
the projections mi, m 2, mi and mz2 for the product of two brackets,
sum over
5 3  U im iW iljim i) 0 2 ^ 2 ^ 2 9 2 )  O lm i^m ilJ/i) (ji77i1j 2m 2|//i)
h
(2.56)
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For simplicity and consistency with Refs. [8] and [9], we make the substitutions ^  —
K  and qi = — % — Q- The second two terms in Eq. 2.49 are given by the same form with
the additional phase (—l)h+J'2-jr arising from the rearrangement of the Clebsch-Gordan 
coefficient ( j i ^ i j 2^ 2| ^ )  from the two-nucleon overlap. As noted previously, we need 
only consider two such products.
Substituting Eqs. 2.54 and 2.56 into Eq. 2.49 gives,
i  E  2C£,JfIc 5 J,IDaDa'hh
M iM f la a .’ K Q  1V
[direct — exchange] , (2.57)
where the direct and exchange terms are given by,
direct = ( - ! ) ' - * - «  W U ^ h f r ,  K I )  Z 0Kf  (6) Z PK% (b),  (2.58)
exchange = ( - 1 )* - *  W f h f t j t f k  K I )  Z pKf ( b )  Z% *(b).  (2.59)
The two-nucleon stripping cross section, Eq. 2.45, is obtained by integrating the Eq. 2.57 
over all center of mass impact parameters,
<?(£ =4 E  /
MiMf
= f  S \ S C\2J 2  îC l iJlIC1/ tIDclDa,h j2
J  l a a '
 ^ [direct — exchange] . (2.60)
2.2.6 Diffractive-stripping cross section
We will now consider the diffractive-stripping cross section, which describes events where 
one-nucleon is absorbed by the target and the other dissociated elastically, such that it 
is no longer bound to the projectile. Such events are part of the total absorption cross 
section Eq. 2.27, but we must be careful to project-off the nucleon bound states to ensure 
the diffracted nucleon does not remain bound.
It was noted in Section 2.2.3 that for Ods as written, we expect the cancellation 
between the diffractive-stripping terms /C2 and /C3 to be very large, since there are large 
contributions to both terms when the non-absorbed (diffracted) nucleon is far from the 
target, where Si(bi) —> 1. A large proportion of contributions from K 2 will result in the
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elastically scattered nucleon remaining bound to the core, corresponding to single-nucleon 
stripping events, which are not of interest here. In fact the difiEractive dissociation events 
require a relatively strong interaction with the target in order to remove the nucleon from 
the core, involving smaller impact parameters. Under the no-recoil approximation it is 
possible to reduce the cancellation by rewriting the diffraction part of /Q s. Consider the 
braket introduced in Eq. 2.49 and described by Eq. 2.54. For the diffractive-stripping 
cross section we must evaluate brakets of the form,
-  A n  =  ( < 1 1 5 ^ 1 ^ )  -  5 ]  ( < i s * i ^ " ) ( ^ : i s # n  (2-61)
j" m "
where we have used to refer to the part of/Cg that refers to the diffracted nucleon 
z, i.e. |<Si|2. There is, of course, the stripping of the second nucleon to be considered, 
but since we have made the no-recoil approximation the 5-matrices for each nucleon only 
depend on the centre of mass (core) impact parameter and the relevant valence nucleon 
co-ordinate. The stripped nucleon need not be considered here. Taking Eq. 2.61, we 
make the substitution 5* =  1 — (1 — Si) in /C2 — /C3 for the diffracted nucleon, to  give
(<I|1 -  (1 -  S ^ J )  -  Y ,  (< l[l -  (1 -  5i)]*l^")(^"|[i -  (1 -  Si)] 1^ 7)
j" m "
=  ||1 — 5 i|2| ^ )  — ^  (çÇ |(1 — 1(1 —5i)|^U). (2.62)
fm"
The second line arises through expansion of operators and the orthogonality of the bound 
state wave functions. The sum over bound states j"  is taken over all active orbitals,
consistent with the shell-model model space. Note that this substitution is only possible
under the no-recoil approximation, where the core 5-matrix, and indeed stripped nucleon 
5-matrix, are not dependent of the co-ordinates of the diffracted nucleon. In effect we 
can rewrite the diffraction operators as
^ 2(1? 2) —» ^ 2(1,2) =  |1 — 5 i |2(l — |52|2) +  (1 — |5 i |2) |l  — 5 2|2, (2.63)
^ 3(1,2) —» £ 3(1,2) =  ^ 2  [(•*■ — )(^ p  1(1 ~™ <5i)(l — |52|2)
j" m "
+(1 — |5 i |2)(l — 5 2)*|ÿy, |(1 — 5 2) . (2.64)
Whilst the difference of the operators JC2 — JCs is identical to /C2 — /C3 (Eq. 2.62), it is 
clear that /C2 and ^ 2 are different.
This (effective) simple replacement 5% —> 1 — 5% emphasizes the surface localisation 
of the cross section and greatly reduces the significance of the projection-off term /C3. A
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similar substitution was made in Ref. [47] for single-nucleon removal by diffraction, the 
justification being better integral convergence. Indeed, such a substitution is even more 
significant in single-nucleon removal since in the present case, the requirement for the 
other nucleon to be stripped places some limit on the integral over b. We will consider 
the residue momentum distributions associated with /C2 and JC2 in Sections 2.3.6 and 6.4.
The nature of the diffractive-stripping operator is more complicated than tha t for
pur e-stripping. We obtain one term, identical in structure to the pur e-stripping term, 
and a second which contains the projection-off part. We require brakets similar to those 
of Eq. 2.54 for each diffraction operator and /Q. For the IC2 we need
Wy l|i— = J dn (<?ç ||i — <si|2|0jl)sp
= y^ { j 'm 'k q \ j m )  f  dri\l -  Si\2 Z ^ \ f i }  
kq J
=  5 3  {3 'm 'kq\im) A ^ \ b ) ,  (2.65)
kq
where we have defined
4 f ( 6) =  j  dZ  |1 -  Si\2 J  dzi Z f f i f i ) .  (2.66)
(5) is similar in structure to (b) and corresponds to the function {j'£, \'HKQ(b)\j£} 
of [9], though Ref. [9] used the original operator arrangement |<Sj|2. Using this gives the 
term associated with /C2,
4 E 2)i4!U=E e  ti?
M iM f  l a a '  K Q  K
[direct — exchange] , (2.67)
where the direct and exchnage terms are given by,
direct = (-1 ) '-* -*  M M W l  KI) [zeKf{ b )  A%%(b) + A%$(b) Z%%{b)_
(2.68)
exchange =(-!)*-« KI) \ z PKf (b )  AP/ j Q(b) + A%${b) Z%(6)1 . (2.69)
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For the projection-off term /C3 we will require terms with the operator (1 -  Si), i.e.
( <  1 (1 -5» = / dn 1(1- S i M f U
=  $ 2  5 ^ ( 6 ) ,  (2.70)
kq
where we have defined the integral over the nucleon co-ordinates for projection-off part 
as,
=  J  dSi (1 -  J  dzi Z ^ { n ) .  (2.71)
B ^ \ b )  corresponds to the function { j ' ^ \ T K Q ( b ) \ j £ }  of [9], though again, it was written 
in with the original operator arrangement S i .  Again, we are left to sum over the nucleon 
angular momentum projections mi, m 2, and mz2,
^ 2  0 'im d 2m2| ^ )  ( jjm ^ iç iljim i)
{j"m"k'2q'2\j'2m'2) (frri'lnq^j-ïma)
= ^  ( _ i ) Î 1^ 2 ^  (_i)Q+*"-fc' {k"<j'KQ\k'q')
K Q kfq'k"q"
W ( f j ' 2k 'K -,k"h)W (jd '1h j '2-,KI). (2.72)
Using this result we obtain
i  E  <®Sr41^ 3(1,2)|*^> = E  2 c £ J'Ic 5 J>1DaD *j&
i MiMf l a a 1
(  1 \ k " —k '+ Q
 (k"q"K  -  Q\k'tJ)
K Q k ’q'k"q"
[direci — exchange], (2.73)
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where direct and exchange are given as,
direct = W K I )
\ - \ ) I- ^ % W { f i ' 2k 'K -,k"h)  2 * *  (6) f l g f  (6) B ^ Q > r +
( - l y - ï i - ï ^ w i f & k ' K - ,  W h )  B & f  (b) b$% , {b y  z eKf  (6)], (2.74)
' y j V i f M K - ^ ' h )  Z % $ {b )  B $ f ( b )  B ^ { b y +  
( - i y l - n + & - ù j > 1w { j "f1k'K -, k " h )  B f f lÇ b )  B f j% { b y  Z 0Kf { b ) ]  . (2.75)
The diffractive-stripping cross section is obtained in a similar manner to the pure 
stripping cross section, that is, by integrating Eqs. 2.67 and 2.73 over the centre of mass 
impact parameter b,
J f )
ds pj l Y  J ®  l5 =|2 2) -  ^ 3(1, 2 ) | < j , () (2.76)
The diffractive-stripping cross section has been calculated for cases in the 20 < A <  60 
region and is found to be ~  70% of the pure stripping cross section [9]. In addition to 
events arising from the stripping and diffractive-stripping mechanisms, there will also be 
contributions from pure diffractive breakup events, where both nucleons interact elasti­
cally with the target and the target remains in its ground state. These events are not 
part of the absorption cross section, Eq. 2.27. Using the calculation for the stripping 
and diffractive-stripping cross sections, estimates have been made for the pure diffractive 
cross section cr^/, which use the fractional reduction of the cross section when a nucleon 
is stripped rather than diffracted, crds/2(jstr. The following formula [9] is used,
^  = (2^ ;) astr- (2-77)
Typically it is estimated that the pure diffractive cross sections contributes ~  8% of the 
total cross section.
2.3 Fully correlated residue mom entum  distributions
We now consider the longitudinal momentum distribution of the heavy residue after the 
removal of two (typically) well-bound like-nucleons, as described in Refs. [19] and [20] 
(found in Appendices B.2 and B.3). The equivalent distribution in the case of one-nucleon
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removal is strongly indicative of the orbital angular momentum of the removed nucleon and 
in the case of two-nucleon knockout the width of the residue momentum distribution has 
been shown, in approximate calculations, to be sensitive to the total angular momentum 
of the removed nucleons (see Refs. [29] and [17]). We consider only the longitudinal 
momentum, that in the beam direction, and not those perpendicular to this, which in 
single-nucleon knockout are susceptible to Coulomb effects and provide less information 
on the underlying projectile structure.
Essentially, measuring the momentum of the residue in the laboratory frame after 
the reaction probes the momentum of the nucleon pair in the projectile rest frame. The 
momentum components involved are shown in Fig. 2.5, where K a + 2 and Ka  are the 
projectile and residue momenta in the laboratory frame and kc, Ki and «2 are the momenta 
of the core and two nucleons in the projectile rest frame. The projectile rest frame 
momenta sum to zero «i +  «2 +  «J. =  0 , and the incident projectile and reaction residue 
momenta are related by
K a  — _j_ 2 ^ K a +2 +  «c. (2 .7 8 )
The sum of the two-nucleon momenta is related to the incident projectile momentum and 
reaction reside momentum by
M D j  K a+2 -  K a . (2.79)
The incident projectile typically has some narrow spread of momenta Ka+2 , which is 
typically measured in experiments. The residue momentum distribution thus reflects the 
momentum distribution of the two nucleons. A discussion of the motion of the individual 
nucleons is given in Ref. [17]. The narrowest components of the residue momentum 
distribution arise where the nucleon velocities are equal and opposite (counter-rotation) 
and when the plane of motion is perpendicular to the beam direction. The widest parts 
arise from components of the projectile wave function where the motion of both the 
nucleons is parallel or antiparallel to the beam direction.
Usually only the heavy residue is observed in experiment, but recent single-proton 
removal experiments on 9C and 8B have observed both the heavy residue and removed 
proton [30], and successfully used the summed energy of residue and nucleon to distinguish 
the stripping and diffractive mechanisms.
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A , JA+2, J i
c
Figure 2.5: Momentum components of the composite projectile. The core and valence nu­
cleon projectile-rest-frame momenta are denoted by kc, Hi and In the laboratory frame 
the momentum of the incident projectile is denoted by K a + 2 and the heavy residue by Ka- 
We consider only the momentum in the beam direction z, referring to the components of 
the (vectorial) momenta in this direction by scalar versions of the above quantities, e.g.
Kc-
2.3.1 Two-nucleon overlap m om entum  sampling
The two nucleon knockout reaction samples the momentum content of the projectile in a 
very particular way. One might envisage the target boring a cylindrical hole through the 
projectile, necessarily at or near the projectile surface so as not to disturb the projectile 
core. Approximate forms for the heavy residue momentum distribution [29, 17] have 
previously been obtained by sampling the momentum distribution for fixed Si and s2 for 
a given angular separation of the two nucleons in the impact parameter plane, where 
it is assumed that the corresponding impact parameters are such tha t the nucleons are 
removed from the projectile. Note that in this approximate form, the reaction mechanism 
(stripping, diffraction) is not specified. Indeed, the ^-matrices are neglected entirely, 
with the assumption being that given the co-ordinates si and s  ^ the nucleons will be 
removed with certainty. It is thus expected that the residue momentum distributions will 
be independent of the reaction mechanism (elastic, inelastic) if the volumes probed by 
the mechanisms are the same.
Following on from Section 2.2.4, we extend the concept of overlap sampling to mo­
mentum distributions. The two-nucleon position probability contains the integral over 
the core-nucleon ^-co-ordinate and is the main source of two-nucleon correlations. We 
obtain the residue momentum distribution by using the completeness relation,
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with k the momentum (wave number) of the nucleon. If integrated over the dz' co-ordinate 
we obtain
_1_
27T
J  dz' J  dK,exp[i(z — z ' ) k \ — I. (2.81)
The lower and upper limits for both the z ’ and ft integrals are — oo and +oo and, this 
understood, these limits will be neglected for convenience. We insert the unit operator Eq. 
2.81 into the spin-integrated two-body overlap wave function in the joint position proba­
bility P /(s i, s2) of Eq. 2.42 to give the joint position-momentum probability P /(s i, s2, ftc),
<5(ftc +  fti +  ft2)
P /( s i ,s 2,ftc) —T2 5 3  / / dft2 , . 2
MiMf J V }
J d z iJ d z 2 exp(iftiZi) exp(m2z2) (2.82)
sp
Momentum conservation, ftc =  —«i -  ft2, is ensured by the delta function. The final- 
state-exclusive differential cross section is then given by
d°ïo
dftc
=  Jdb  j d s 1 J d s 2 V f ( s u  s2, 0  Oko(c, 1, 2). (2.83)
Again, it is V f  that contains the information on two-nucleon correlations and mo­
mentum, and the spatial sampling of this is determined by the reaction dynamics and 
5-matrices, described by Oko. We reiterate that since the spatial sampling of the strip­
ping (absorptive) and diffractive (elastic-breakup) mechanisms is expected to be similar, 
i.e. Ostr and Ods probe similar ranges of si: we would expect the heavy residue momentum 
distributions arising from the two mechanisms to be very similar on very general grounds.
2.3.2 Separation of integrals
The calculations of the residue momentum distributions involve an eight-dimensional in­
tegral that, for computational reasons, benefits from careful factorization of the integrals. 
We insert Eq. 2.81 into the single-nucleon overlap (<jÇ |ÿ ^ )sp and in doing so obtain two 
additional (four in total) integrals over the core-valence nucleon z  co-ordinate, and inte­
grals over the valence nucleon wave numbers ft% and ft2. We use the form of (4Ç |ÿ jl)sp 
as written with explicit (unsummed) orbital angular momenta projections A, Eq. 2.51, in 
order to maintain symmetry between (c.f. Eq. 2.54) the integrals over z. The integrals
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over the core-nucleon co-ordinates for nucleon i are thus written as,
= ^  J  -  |Si|2)W>™ \ J  dKi J  exp[z(zi -  4 )/q]|<^)sp. (2.84)
Writing the nucleon co-ordinate integral in cylindrical co-ordinates, dr = dss  dip dz, 
gives Ti as
Ti =  ( I \sa \jm ) {I’Ns(i\j'm!) f  dfy j  dsi Si (1 -  |<Sj|2) exp[z(A -  X) p ]
m m 'XX'a
CiX
X
X
dzi Uj^Ti) pJa| (cos Qi) exp [zK jZ i
.x/T k
y  ^ 4  ^ 'M )  ^ A''(cos%exp[-%Kiz|]
=  ^ 2  (I\s(j\jm) (I1 Nscr^'m!) f  d ^  f  dsi Si 7 ^ A(z) ^ , A,(z)* (2.85)
mm'XX'a
Here the integrals over s are assumed to extend from 0 to +oo. We have defined the 
integral P j A(z) =  IZ3ex(si, Ki) over the ^-component of the core-nucleon vector. This is 
essentially the one-dimensional (^-direction) Fourier transform of the single nucleon wave 
function,
C r+0°
= —7== /  dzi uA ri) P jA|(cos(9i) expliKiZi].
v  27T J — o o
(2.86)
The integral over the core-valence nucleon azimuthal pi is denoted Hx y ( i )  =  7i\x> (6, s*), 
and is given by,
J ç2tï
dpi{l -  |(Si(|5 +  sf|) |2)exp[z^(A -  V)] . (2.87)
o
The critical integrals over z* and pi depend only on the projection of the orbital angular 
momentum, so the most efficient computational method would algebraically sum over all 
other projections. This fact also indicates the possible importance of the orbital angular 
momentum I  over the nucleon total angular momentum j  in determining the heavy residue 
momentum distribution and we will return to this in Chapter 4.
2.3.3 Angular m omentum recoupling
The integrals N ^ S i ,  /%) and HwÇb, Si) depend on the projections of the orbital angular 
momenta only and so we sum over all other projections. We have a product of two integrals 
of the type Ti (Eq. 2.85), one for each nucleon. We begin with the two Clebsch-Gordan
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coefficients of the form (IX scr\jm) from each integral 2*, and a further two Clebsch- 
Gordan coefficients arising from the two-nucleon overlap function. The starting point is 
then six Clebsch-Gordan coefficients summed over the projections mi, m 2, m^, mz2, <71} 
cr2 and n,
(4AiS(7i|jimi) (f1A/1so-1|jim ,1)
(4A2s(T2b'2m2)% A 25o-2|;2m2) , (2 .88)
where we have used the orthogonality of the spin-wave functions to give Xsaxla' = <W- 
We first sum over the spin-projections a  using
5 3  (Aso-ljm) (^A'salj'm') = ( - 1 ) ^ - " ^ -  ^  fc (A fcg|£'A')
cr kg
0  — m f™' IW  ^  sk). (2.89)
Having summed over both ai and cr2 using Eq. 2.89 we obtain
r p ip 2 p [p f2i  _  h h f i j ^ k k f , 1 ^ 1 + ^ 2 _ m i - m 2 _ 2 s
kk'qq' rm m '1m 2m'2lJ.
(jim ij2m2|//i) ( jim ^ m ^ J /i)  (ji -  m i^ m 'iN )
(j2 — ^ 272^ 21^ Ç7) (liAi&gl"]^) (£2A2A; g |^2A2) 
^ ( ; i 4 ; ; 4 ; ^ ) ^ ( ; 2 W 2 ; ^ 0 -  (2-90)
We can now proceed to sum over the projections m i, m 2, mi, mz2 and /x,
( - l ) - mi“m2 (jim ij2m2|//x) 0 im i;2mz2|I^)
mi m'i m2 mg At
(ii -  miiimilfeg) (i2 -  maij-m!,|/cV/)
= j 2 ( _ i ) i 1+ j2+fc+9 (2 .9 1 )
giving the final result,
e f f 5  V7 = ( - y + &+*+* -2s Y { - f +q P  ( l^AifcgKiAi) (4A2fc -  g|4A'2)AxA2A^A2 ' /  /?/ /)/ c
if(ii4i(4; sk)w(j2e2j'X2 , sk)w(j2ikj[-,jij2)- (292)
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In this final expression for we have summed over the projection [i. Later we
will discuss final-state alignment effects (Section 6.2) for which we need to retain explicit 
dependence on fi. At that point we revert to the original angular momentum coupling, 
Eq. 2.88.
Whilst the factor Qxlxlxx* certainly is convenient for practical computation of residue 
momentum distributions, how it affects their width as I  changes is not at all clear. The 
computation of the cross section requires a rather laborious sum over many combinations 
of À and a, numbering from 10s to 10000s of combinations depending on the orbital 
angular momentum, number of configurations and J, all weighted by We
attempt to address this complication in Chapter 4.
2.3.4 Differential stripping cross section
Having recoupled the angular momenta we can write the differential cross section with 
respect to the heavy residue momentum. As with the momentum integrated cross section 
we have a coherent sum over the two-nucleon amplitudes for different nucleon configu­
rations a, but now have four integrals over the z* co-ordinate, and two over s*. Taking 
Eq. 2.49, and using Eqs. 2.86, 2.87 and 2.92, the heavy residue longitudinal momentum 
distribution can be written
dfrr
Ai A2A1À2
where the direct and exchange terms are
=J  dn\ J  dtv2 5(ki +  ^2 +  Kc) J  db |<SC(&)|2
^  CJy iICJaiJtIDa,Da 
2-V 72
l a a '
y i f  dsisi J  d,S2S-2 [direct — exchange], (2.93)
direct = (2) ^ ( 1) # % ( ! ) '
+WAlA;(2) W ^ ( 1 ) 7 ^ Ai(2) 7 ^ a,(2)* ^ t 2(l) K%x,p .y  } , (2.94)
exchange =
{ h X2K
+ h X2Km ^ ' 2m ? 2X2m  n ^ y ^ ; Xi(i) 7^ , ( 1)* } •
(2.95)
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The direct and exchange terms arise from the product of the anti-symmetrized two nucleon 
wave functions. The residue momentum distributions associated with the two terms are 
not necessarily the same, and only their sum is relevant to comparisons with data.
2.3.5 Differential stripping cross section in LS  coupling
The (momentum-integrated) cross section was considered in LS-coupling in Ref. [8], 
where the key point was that the reaction is not selective on the total spin S. In the 
development of the longitudinal momentum distributions we noted that the only spin 
projection not algebraically summed over is that of the orbital angular momenta. This 
observation made, we consider the longitudinal momentum distributions in LS-coupling. 
The advantage is that from the outset the only remaining projection is that of I, the rest 
being already summed. Since LS-coupling displays the symmetric and anti-symmetric 
parts of the two-nucleon overlap explicitly for a particular isospin T, we explicitly write 
isospin labels. We begin with the two nucleon overlap,
2) -  1, 2))
=  Y ,  C JaiJllTiT‘T {IuJfM AJiM i) {TrTfT^TiTi)
I f x T r a
W ÿ ,(l)® lM 2) ]£ , (296)
where /  and F  now incorporate the isospin labels Tf and t /  respectively in addition to
the spin labels Jf  and M f.  In the present case of like-nucleon knockout we must have
T  = \ t \ — 1. The LS-coupled anti-symmetrized two nucleon wave function is [8]
h M l )  ®  = D a j i 3 2  5 3  ( W 2A2IL A ) ( L A S S I E )  L S x s e ( 1 , 2 ) x t t ( 1 > 2 )
LAS'Sm\m2
( 4 s j,. 'I
[ ^ ( i ) ^ 2) -  ( - ) S+r< , 1( 2 ) < 2j2(l)] j  4  S (2.97)
where the nucleon-wave function ^ ( i )  =  (c.f. jj-coupled version Eq. 2.25) is
simply
=  ^(n )ygA (n). (2.98)
We follow a derivation similar to that in jj-coupling and begin from the LS-coupled
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spin-integrated two nucleon overlap,
j2 E  ^  E
i M iM f % II 'm i'a a !M iM f
T T ' t t '
( I fiJ jM M iM i) (I 'li 'J fM M iM i)  
(TTTfrf\Tm) (T'r'TfTf\TiTi)
( % ; ( ! )  ®  ^ ( 2) ] / ' J -  h A n C 1 ) ®  Tphityfl
where, as before, summing over Mi and M f  gives an incoherent sum of I  and //,
sp
(2.99)
J 2E  JjMi) (iy (2.100)
M iM f
Inserting the LS'-coupled anti-symmetrized two-nucleon wave function gives
1 A T /M  IxT/^) \  -  V '  r J iJ f I T iT fT r J iJ fIT iT fT '  _  j M i & L L ' S S '
^  JiMiTiTiV*JiMiTiTi)sp -  2-v 0q: p
i M iM f II 'p p 'o ta '
T T ' t t '
{TtTfTj\T(Ti) (TYTfTflTiTi) Xt't'XTt
E  (4 A 14 A 2|M )  « A ^ ^ A ^ L 'A ')
L L 'S S 'K M WA1À2A2A2
( L A 5 S |/ m) (A 'A '5 'E '[J /i)  x ^ s -X s s  
4  s j i  ) f 4  s 4
4  S J2 > < 4  5  J*2
L 5 / J [ L7 5Z /
[ < , i ( l ) ^ - ( 2) -  ( - ) ^ ' ^ ; ( 2) ^ , ( 1) ] \  (2.101)
Since the 5-matrices are assumed to be spin-independent, the orthogonality of the spin
and isospin wave functions gives an incoherent sum over 5  =  0 and 5 = 1  contributions,
Xs'E'Xsn =  f e 'f e y ,  (2.102)
X tvX t-t — Stt 'Ôtt'- (2.103)
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We can then proceed to sum over the projections of I  and S  and E ), using
p
(LA 5E|I)u) (LZAZ 5E|IjLt) = (2.104)
f s '  L
such that we now have an incoherent sum over both L  and S  combinations. The spin 
integrated two-nucleon overlap Eq. 2.101 is then,
I  E  ( C I t J C L . E  =  E  C r ^ TC ^ TDaD .  { T r T ^ n f
i M iM f l a a 11 T t
C 4 s ji ) f ex s j[
E  1 4 s j 2 > j 4 s f2
LS [  L S /  J [ L S /
E  (4 AAA2|L A )(^ V /2Ai|LA)
Ai Ag A
[ ^ ( 1) ^ ( 2) -  ( - ) S+r^ J , (2) ^ ( 1)] 
[ ^ ( 1) ^ ( 2) -  ( - ) S+r< - ; ( 2) ^ à ( 1)]*- (2-105)
Structurally, Eq. 2.105 is very similar to Eq. 2.49. Following a parallel procedure 
as discussed previsouly for -coupling, we obtain the pure stripping cross section in 
LS'-coupling, written, in terms of previously defined functions N jiX(i) and TCxx' (%) as
= E  Cli3llTiTfTCJf iITiT,TDaDa. (T rr/ r/ |r iri):
C lOLOc'
do{Jtr 
dKr.
T t
f 4  s Jl I f i'i s
< i 2 s j 2 > j  4  s f 2
LS 1 L S /  J I L 5  7
J  dKi J  d,K2 5(kc +  /ti +  k2) J  db |SC(Z>)|2
(7iA14A 2|M )  (/jA'j^AjILA) [direct — exchange], (2.106)
AiAgA^ A^A
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where the direct and exchange terms are
d irec t =  {  7 ^ , ( 1 ) *  K U 2) ^ ( 2 ) *
+  n XlK (2)W*>^  ( 1 ) ^ ( 2 )  7 ^ |a,(2)* ^ A2(l)  7^ |a,(1)* }  ,
(2.107)
ezctonge =  ( - 1)S+T ^ ( 1)*
+  WA2y1(2)HAlA- ( l ) ^ A2( 2 ) ^ [ A, ( 2 ) * ^ Al( l ) 7 l |y2(l)* } .
(2.108)
Unlike the jjf-coupled version, no re-coupling of the angular momenta is required to 
compact the angular momentum algebra. The above equation is very similar to the 
previous version, Eq. 2.93, but with the opaque replaced with two 9j and
two Clebsch-Gordan coefficients, the physical meaning of which is transparent. We note 
that the summation of the direct and exchange terms over A and A is independent of I  
for a particular configuration a. The significance of I  is that it determines the relative 
weights of different L  via the two 9j symbols. Fundamentally it is L  that determines the 
residue momentum distribution shape, with I  being of secondary importance. We return 
to this point in Chapter 4. In order to facilitate later discussions, we define the residue 
momentum distribution for a particular pair of configurations (a ,a ')  with total orbital 
angular momentum L, by taking the last two lines of Eq. 2.106,
dK,i j  dn2 5{kc T  T  ^2) J  db |<SC(6) |J
dnc
^  (I1À1I2A2ITA) [direct — exchange] . (2.109)
À1A2A2AgA
2.3.6 DifFractive-stripping momentum distributions
Thus far we have considered only the residue momentum distribution resulting from pure 
stripping events. The situation is rather more complicated for the diffractive-stripping 
contributions, as illustrated in Section 2.2.6 for the (momentum integrated) diffractive- 
stripping cross section. The diffractive-stripping operator JCds = — /C3, contains two
parts, the second of which insures the elastically scattered nucleon does not remain bound 
to the core. The first term of the diffractive-stripping operator /C2 is similar in structure 
to the pure stripping term and the corresponding momentum distribution is similarly cal­
culated. However, it is not immediately clear how to calculate the momentum distribution 
arising from the second (projection-off) term /C3 due to the sum over bound states. We 
might attempt to approximate the stripping-diffraction momentum distribution by con­
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sidering only the first term /C2, but, as was discussed, the form of the 5 -matrix implies 
that, if using /Q s as was originally written, the largest contributions from /C2 arise when 
the diffracted nucleon is at the largest impact parameters and there is essentially no in­
teraction with the target. This necessitates a very large cancellation between the terms 
/C2 and /C3, such that we would not expect the momentum distribution arising from /C2 
to be representative of the total diffractive-stripping distribution of JCds-
Indeed, since the nucleon absorption probability is one minus the probability for elastic 
scattering (1 — |5i|2), the operator as originally written suggests that the nucleon will be 
diffracted in a spatial region that is not characterized by absorption, i.e. the two nucleons 
will not be spatially localized, and we would expect the diffraction events to occur when 
the diffracted nucleon is not near the target-side surface of the projectile. This considered, 
we would expect /C2 to give a rather poor description of the heavy residue momentum 
distribution, in shape as well as magnitude.
Making the substitution 5* —» (1—5*), as discussed in Section 2.2.6, instead emphasises 
the surface localisation of the cross section, reducing the cancellation of the projection-off 
term £ 3. The significance of £3  will be shown to be small and the distribution arising 
from the first term iC2 can be calculated in a similar way to that from pure stripping. The 
only required change is an adjustment of the azimuthal integral for the diffracted nucleon 
in Eqs. 2.94 and 2.95,
p27V
Ll\\>(i) -> = /  d<pi\l — 5*(6*)|2exp[^*(À — A')], (2.110)
Jo
which corresponds to X)2, and to include additional terms to account for the diffraction of 
both nucleons 1 and 2 . A comparison of the stripping and diffractive-stripping momentum 
distribution is presented in Section 6.4, for both the rewritten operator X)2 and /C2, showing 
the distributions calculated on the basis of ÎC2 to be essentially identical to those of pure 
stripping and to accurately represent the total diffractive-stripping cross section.
2.4 Uncorrelated two-nucleon knockout
Early calculations for two-nucleon knockout [7] used an uncorrelated model, treating the 
two nucleons as entirely independent, save for being bound to the same centre. In particu­
lar no angular momentum coupling of the nucleons was considered and antisymmetrization 
of the two nucleons was neglected. In parallel with single-nucleon knockout, where the 
cross section factorizes into a single-particle cross section and spectroscopic factor, a two- 
particle cross section is obtained, giving a base measure of the cross section. One may 
then extract a two-particle spectroscopic factor from experiment, which is comparable to
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simple estimates via coefficients of fractional parentage. Whilst the structural description 
is simplistic, such estimates set the expected magnitude of the cross section.
Here we consider only events where both nucleons are stripped from the projectile. The 
reaction dynamical (two-particle cross section) and structural (two-particle spectroscopic 
factor) are separated, as in single-nucleon knockout. The final state appears only in the 
two-particle spectroscopic factor, so the two-particle cross section is independent of the 
final state. In accordance with this simple structural picture, we consider only a single 
nucleon pair configuration. Again, we make the no-recoil approximation, such that the 
core impact parameter is coincident with that of the centre of mass and the core ^-matrix 
can then be removed from the integrals over r*. The uncorrelated knockout (stripping) 
cross section [7] is given by
where 0™* is the single-nucleon wave function Eq. 2.25 and (...) indicates integration over 
(single-nucleon) position and spin co-ordinates.
Previous approximate calculations [7] for the heavy residue momentum distribution 
used the convolution of two single-nucleon knockout residue momentum distributions, 
reasonable if the nucleons are localised near to the projectile surface. The agreement of 
this uncorrelated calculation and the final-state inclusive residue momentum distribution 
was rather good in the case of 28M g(-2p) where essentially the full two-proton removal 
strength is to bound states of 26Ne. The exact uncorrelated residue longitudinal momen­
tum distribution, written in terms of the functions defined in Section 2.3.2, is actually
The primary difference between this and the fully-correlated calculations is the absence 
of the final state spin and angular momentum coupling. An immediate consequence 
of this is that the residue momentum distributions are independent of the final state 
populated, and depend only on the orbital angular momenta of the assumed nucleon pair 
configuration. This contradicts the result of preliminary fully-correlated results [16, 17]. 
The one case where the uncorrelated limit is in agreement with the full calculations is 
the case of [si/ 2]2 (pure s-w ave) removal. Here the only contributions in both correlated 
and uncorrelated cases must have A =  0. Results from uncorrelated calculations will be 
discussed further in Section 6.1.
.une
s tr
.une
s tr
(2.112)
24. UNCORRELATED TWO-NUCLEON KNOCKOUT 43
Since it was shown that the uncorrelated model reasonably describes the final-state 
inclusive residue momentum distribution in the case of 28Mg(—2p), it would be interesting 
to analytically sum the fully-correlated calculations over the final states for theoretical 
comparison to the uncorrelated limit shown above. This will not be pursued further here.
Chapter 3 
Practical details
Here we discuss some of the practical details for the calculations that follow. We briefly 
discuss the shell model codes used in calculating spectroscopic factors, two-nucleon am­
plitudes and excited state energy levels, the exact details of which will be given where 
they are relevant. All calculations require a valence nucleon radial wave functions and 
the form of the potential used to bind the nucleon are also discussed here, with details 
of the potential parameters discussed in later Sections. In order to compare theoretical 
projectile-rest frame residue momentum distributions with experiment we must consider 
experimental broadening effects which are also discussed.
3.1 Single-nucleon wave functions
The essential inputs in calculating the required single particle wave function is the (exper­
imental) nucleon separation energy and the geometry of the binding potential. In most 
cases the nucleon separation energies are well known and can be taken from the literature 
[48], but for the most exotic nuclei they may be estimated from systematics. The nucleon 
radial wave functions are calculated using a Woods-Saxon (central plus spin-orbit) [49] 
plus Coulomb potential, with a fixed spin-orbit potential depth Vso [50, 42] using the same 
geometry parameters as the nuclear part. The potential is then
[/(r) = y(r) +  %,,(r)(f - g) +  %,(r) (3.1)
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where the nuclear V(r), spin-orbit Vso and Coulomb Vo parts are given by
V{r) = ~ 1 + exp[(r — R)/a]’ (3'2)
ya (r ) = M i £ ) r > R o i  (3 .4 )
Z Z p2 \ r2 1 
'  0 " r < Rc- (3.5)
2R0
Vq is the Woods-Saxon potential depth, R  the potential radius often expressed as F  =  
tqA1/3 and a the diffuseness parameter which determines the sharpness of the potential 
surface, with larger values of a giving a softer surface. Z c and Zv are the proton numbers 
of the core and valence particle respectively.
The geometry is constrained by taking the root mean square radius and binding energy 
for a given orbital from a Hartree-Fock calculation and fitting the radius parameter r 0 of 
the Woods-Saxon well so as to reproduce the Hartree-Fock r.m.s. radius and separation 
energy for a particular potential diffuseness a and spin-orbit depth Vso [4]. In the case 
of neutron knockout from neutron rich carbon isotopes, presented in Appendix B .l, a
standard geometry potential has been used in order to study the systematics of cross
section across the isotopic chain.
W ith this fitted potential geometry, the nucleon wave function is calculated at the 
experimental effective separation energy which for one- and two-nucleon knockout
are,
B ÿ s =SN + E f , (3.6)
B f  = ^ ± ^ l ,  (3.7)
respectively, where E f  is the excitation of the residue final state above the ground state. 
Sjv is the ground state to ground state single-nucleon separation energy and S 2n  the two- 
nucleon separation energy. In most cases the excitation of the final states is known, either 
from in-beam 7 -ray spectroscopy or from the literature, but where this information is not 
available shell-model energies have been used.
Single-nucleon removal cross sections have been shown to be relatively insensitive to 
the geometry of the potential used. In Ref. [4] it was shown that the essential parameter 
is the root-mean-square radius of the radial wave function. The use of the Hartree-Fock 
sizes and separation energies allows us to realistically constrain the overall size of the 
radial wave function.
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3.2 Shell-model calculations
Calculation of knockout cross sections requires a spectroscopic factor (single-nucleon 
knockout, see Appendix B.l) or two-nucleon amplitudes (two-nucleon knockout) that 
describe the parentage of a particular final state in the projectile ground state. In cases 
where final-state exclusive cross sections are not measured, final state excitation energies 
and spin-parity assignments are also required. This information is taken from shell model 
calculations performed using the codes o x b a s h  [43] and NuShellX@MSU [51, 52]. The 
details of the model spaces and interactions used can be found in each of the following 
subsections. The model space describes the active orbitals available for a calculation, 
which may encompass a single, e.g. sd or multiple major shells e.g. p -  s d - p f .  In some 
cases the model spaces are restricted such that only certain partitions (combinations of 
nucleons in orbitals) are allowed, or such that only a certain number of nucleons n  can 
be excited across a major-shell closure, referred to as nftw excitations. The interactions 
chosen have either been used previously or have been recommended by the authors of 
the codes. The calculations are either performed in an isospin basis, where proton and 
neutron orbitals are equivalent, or in a pn  basis where the proton and neutron orbtials 
are treated separately. Two-nucleon amplitudes from the former must be multiplied by 
the appropriate isospin Clebsch-Gordan coefficient (see e.g. Section 2.3.5).
When considering residue momentum distributions the angular momentum content of 
the overlaps is important i.e. the particular nucleon quantum numbers and total angular 
momentum coupling, which are the primary factors determining the residue momentum 
shape. The absolute values of spectroscopic factors and two-nucleon amplitudes set the 
absolute scale of the cross section. The relative strengths and phases of different two- 
nucleon configurations are important for determining the final-state exclusive momentum 
distribution shape (though these effects are generally expected to be subtle; see Section 
6.6). The shape of final-state inclusive momentum distributions will depend on the rela­
tive strengths of different final states and offers a check on (momentum-integrated) cross 
section measurements.
3.3 Experimental broadening of heavy residue mo­
mentum distributions
In order to compare to experimental residue momentum distributions, we must convolute 
the theoretical distributions calculated in the projectile rest frame with the experimental 
resolutions. We must first apply a Lorentz stretch due to the relativistic velocity of the 
residue. The Lorentz factor can be calculated from the definition of the relativistic energy,
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the sum of the laboratory kinetic energy E k  and rest mass mo, rearranged to give
(3.8)
m0c2
As the beam passes through the reaction target, it loses energy due to (Coulomb) 
interactions with atoms in the target [53]. The rate of energy loss is related to the charge of 
the nucleus in question, so in reactions where the incident projectile and reaction residue 
have different charge (e.g. proton knockout), the rate of energy loss will be different 
before and after the reaction. Depending on where the reaction vertex is located within 
the target, the differing rates of energy loss cause a broadening of the residue momentum 
distribution. Since two-neutron removal reactions do not alter the charge in the reaction, 
this problem is negligible in these cases. Such broadening can be reduced by using thinner 
targets so that the reaction vertex is better constrained, but the price to paid is a reduced 
experimental yield.
In addition to broadening induced by material in the path of the beam, the incident 
secondary projectile beam is itself not mono-energetic and has some momentum spread. 
This is estimated either from the acceptance set-up of the spectrometer or by measuring 
the unreacted beam after the reaction target. Adjustments for experimental broaden­
ing (target broadening, incident beam profile) require convolution with the broadening 
function B (K a ) and the theoretical, Lorentz boosted, residue momentum distribution
/+oo o-(k) B (\K a -  k|) dK. (3.9)
•oo
The broadening function can also be estimated using the spectrometer simulator LISE++ 
[54]. Alternatively the differential energy loss in the target may be approximated by a 
square distribution and the beam profile as a Gaussian, necessitating several convolutions. 
The convolution routines written were verified against the convolution of two Gaussian 
functions, which can be calculated analytically.
3.4 Details of computer codes
A number of codes were used in the calculations presented here, many of which have been 
used extensively in previous (published) work on knockout reactions. The folding-model 
5-matrices were calculated using the codes f r o n t _ h f  and SMATHF and the nucleon radial 
wave functions were calculated using the code n b n d  [55]. Projectile core density profiles 
calculated using the spherical Hartree-Fock program DENS, which is part of the OXBASH
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shell model code package [43].
Residue momentum distributions following two-nucleon knockout were calculated us­
ing the code t w o n k S [56], written in f o r t r a n 9 5 , with some subroutines using FOR- 
T R A N 77. The code is structured for computational efficiency. Many integrals are calcu­
lated and stored in memory, which results in large memory requirements, particularly for 
large orbital angular momenta, many two nucleon configurations or fine numerical inte­
gration steps. The integrals are calculated by a mixture of Simpsons Rule and Gaussian 
quadrature methods, the subroutines for which were provided by J. A. Tostevin. Associ­
ated Legendre polynomials were determined using explicit values for I  =  0, 1 and 2, and 
the recursion relations given by Ref. [57]. The momentum-integrated cross sections were 
verified with an optimised version of the code t w o n g e n S [55].
Calculations of momentum-integrated single-nucleon removal cross sections used the 
program n t r a s h  [55]. A derivative of the t w o n k S  program, o n e k o ,  was used to calcu­
late the single-nucleon removal momentum distributions shown in Appendix B .l. Calcu­
lations for Hankel radial wave functions used subroutines taken from Ref. [58]. Modified 
spherical Bessel functions were calculated using the code of Ref. [59].
Chapter 4 
Angular correlations
The primary expectation from early, approximate estimates for residue momentum dis­
tribution following two-nucleon removal was that the width of the distribution depends 
strongly on the total angular momentum of the removed nucleons I  [29, 17]. Having de­
rived the full formalism, it is not transparent from Eq. 2.93 why the residue momentum 
distribution should depend strongly on the total angular momentum / ,  or, indeed, any 
other factors. Whilst it is clear that the ^-directional Fourier transform of the single­
nucleon wave function 'R?iX must have some dependence on À, each value of I  will sample 
all A in a complicated manner with weight given by the non-trivial angular momentum 
function y /  (see Eq. 2.92). At this stage, even the dependence of lZjex on k or s is
not clear, let alone how it might change as A and £ vary. In order to investigate the two 
nucleon correlations further, we follow two strategies; i) simplify the angular momentum 
algebra to remove the extensive sums over A, and ii) simplify lZ3ex using some approxima­
tion for U£j(r) to make the dependence on A more transparent. The latter we discuss in 
Chapter 5 and the former we consider presently.
The angular separation ipi2 of the two nucleons in the impact parameter (xy) plane has 
previously been discussed in Refs. [16] and [17]. It was written in terms of P /(s i, s2, P12) 
(see Eq. 2.42), the two-nucleon position probability for a particular final state / .  This 
incorporates the integrals over the ^-components of the nucleon position vectors f, and 
shows a strong variation with the total angular momentum I. Here we take the angular 
dependent parts of the two-nucleon overlaps and, by summing over all projections, show 
how the strong dependence of Pf  on the total angular momentum I  arises naturally from 
the angular momenta and angular dependence of the spherical harmonics. In doing so, we 
show that differences in the residue momentum distribution for a particular pair coupled 
to I  are the result of the angular correlation of the two nucleons in the projectile ground 
state. We then express the same angular correlation function in L S  coupling to show 
that, in fact, the angular correlation of the two nucleons is a consequence of the total
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orbital angular momentum L, and that I  is of secondary importance. In either case we 
have a strong sensitivity to the final state populated.
4.1 Angular correlation function in jj-coupling
The heavy residue momentum distribution depends explicitly on the projections of the 
orbital angular momenta I, A, and previously all other angular momentum projections 
have been summed over. Here we do not explicitly consider momentum distributions, 
but wish to investigate the influence of the total angular momentum I  on two-nucleon 
correlations. We take all projection dependent parts of the previous starting point, Eqs. 
2.49 and 2.50, namely the four spherical harmonics and accompanying Clebsch-Gordan 
coefficients embedded in the single nucleon wave functions <^(z), and the further two 
Clebsch-Gordan coefficients from the anti-symmetrized two-nucleon wave function. We 
consider only the first direct term of Eq. 2.49 and so begin with
r jj(r i, f2) = A  J 2  C / X i i X M  ( i^AiSCT!liiTOi) (l2A2S<72|j2m2)
mim2m'1m/2
À1A2A2À2<7lO-2£t
All the dependence on I  is encapsulated in the Eq. 4.1, so that for a particular pair of 
configurations (combination of orbital pairs œ and c/ i.e. set nucleon quantum numbers 
n i£iji, n24 j2 , n'Æfi  and differences in the residue momentum distribution for
different I  must be a result of differences arising from the above summation. The two- 
nucleon amplitudes also depend on the total angular momentum / ,  but act only as factors 
when combining combinations (of the same I)  from different configurations. The above 
is written for the first direct term only. The second direct term and exchange terms may 
be obtained by appropriate permutation of the angular momenta labels and inclusion of 
an additional phase factor.
Using the properties of the spherical harmonics [46], the pairs of spherical harmonics
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with the same argument can be combined to obtain
r ^ ( f i , f 2) ^ 2  {jim1j2m2\In) (fim'j^m^Ifi) {jim1j2m2\In)
<71 <72 At
{ j W l f 2m 2 \I p) (4 A lS C r i|j im i)  ( 4 A 2SC72|j2m2) 
%A25(T2|j2^2) ( - 1)^ + ^
4 4
ftigi
T  Apjr (4 A i<  -  X l^ g i)  (40<0|fei0) y kl9l (n )  
t r  VdTrfci
V  A R  g 2A24  -  A'2|fc2g2) (4 0 4 0 I&2O) U M2(f2). (4.2)
v 47tA:22^92
In doing so we have introduced sums over intermediate angular momenta ki and k2, and 
the relevant projections q± and q2. The values of are restricted by the two parity 
Clebsch-Gordans (101'0|A;0), such that 4  +  4  +  4  must be even.
We now evaluate the sums over the projections of 4  and ![ (A% and A') and the spin s 
(<Tj) for each nucleon, by twice using
^ 2  ( - 1)% (4A*4 -
AiA<o-i
14 -  -  %), (4.3)
to give the result,
r 7 Cf, f„'i = — W  4 4 4 4 A u 'iÀ 4 , , yi+<2-,-;-A -ti-t,
(4040140) (40420 |M )  Ykigi (fOlfa® (4 )
4 1 0 ^ 0 2 5 4 4 ;  4 1 2 )
mi 7712771^1712/t
0'i -  -  gi) (j2 -  T T ^ m ^  -  92) • (4.4)
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We are now able to evaluate the sums over m i, m 2, m'l5 m '2 and [i using,
mim2m'1m>2fj,
( i l  -  TOiiJmilfci -  f/l) ( j 2 -  maj'2m'2\k2 -  q2)
=  J2( - l ) « + 1( - l ) 2«+ji+^-*:W ( i 17 ^ ; j 2i05(fci, fc2)5(g i, - 93). (4.5)
We now substitute k\ = k2 = k and qi = —q2 = q to give
/) /)/ /) f)f  ^ z-/ ^
(^o^oi&o) (4 0 4 0 1 ^0)
W  M )  ^ - , ^ 2). (4.6)
Finally we combine the spherical harmonics using the addition theorem [46],
k2^ ( - l ) % , ( n ) % _ , ( f 2) =  — P^coscv), (4.7)
Q
where u  is the angular separation of fi =  (9i, ip\) and f 2 = (0 2, (p2) given by
cos u  = f i  ■ r2 = sin 61 sin 92 cos(y?i — (p2) +  cos cos 02. (4.8)
This gives the angular correlation function FF(w) =  FF(fi, f 2),
r j /w )  = M i ^ M à à à ( _ 1)ti+<2 ^ ( _ i ) f =  ( ^ o i M )  (4 0 4 0 ^ 0)
 ^  ^ fc
W ^ s K iA iD ^ te M i^ iD W O i / f c i ' i ^ iO P ^ c o s c v ) .  (4.9)
Having begun with a function depending on the directions f i  and r 2, we are left with 
a function that depends only on the angular difference cv of the two nucleon direction 
vectors f i and r2. Previous calculations for Vf(si ,  s2, <p12) (Eq. 2.42 in Section 2.2.4 and 
Refs. [16] and [17]) considered fixed angular separations <p12 of si and s2, which samples 
all cj since P f ( s i , s 2 ,(pi2) is integrated over the nucleon (beam-direction) ^-coordinates.
The angular correlation function Ph(cv) has little practical use in the calculation of 
cross sections as it couples the coordinates f i and r 2, preventing efficient factorization 
of integrals over these coordinates. However, all the dependence on I  is encapsulated 
in rP(cü), which depends only on the angular momenta of the two nucleons, their total 
angular momentum, and the angular separation of fi and f 2. It is therefore instructive 
to consider how rF(w ) changes as I  is varied.
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Figure 4.1: Angular correlation function for the first direct term FA(w) (Eq. 4.9) for a 
[0^5/2]2 configuration coupled to ^ — O (solid), 2 (dashed) and 4 (dotted). Since it is 
expected that larger I  lead to broader momentum distributions, we might conclude that 
larger angular separations lead to broader momentum distributions. If we compare to 
previous calculations for Vf(si ,  S2, ^ 12) (Fig. 2 of Ref. [60]), the similarity in terms of 
how u  (or (pi2) is probed is striking.
As an example we take pure [0d5/2]2 removal (i.e. Pi = P2 = (3[ = P'2 = 6^5/2) 
for couplings 7 =  0, 2 and 4, relevant to sd-shell examples. The angular correlation 
function is shown in Fig. 4.1, encapsulating all effects of the total angular momentum 7, 
and clearly depends strongly on I. We expect larger I  to lead to broader heavy residue 
momentum distributions and observe that since larger I  weight larger angular separations 
more strongly, larger u  should give the broader components of the residue momentum 
distributions.
Whilst we expect a strong dependence of the residue momentum distribution on the 
total angular momentum coupling, it is unclear whether, or how, the distribution depends 
on the orbital angular momentum of the nucleons removed. In Fig. 4.2 we consider 
the angular correlation function FT(w) for 7 =  0 for the configurations [^+1/2]2 with 
7 =  0 — 5. For each configuration there is a peak at small angular separations, with FT(cv) 
being weakly dependent on cv for a; > 40°, and indeed being almost independent of the 
orbital angular momentum 7, particularly so if one neglects 7 =  0 . A similar example 
is considered in Fig. 4.3 for 7 =  4. The functional form is relatively independent of 
7 for cv < 50° and certainly different to the 7 =  0 examples shown in Fig. 4.2. The 
different nucleon configurations will naturally have different radial wave functions w#(r),
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Figure 4.2: Angular correlation function rF(iv) for different [A+1/2]2 configurations cou­
pled to /  =  0 , showing 1 =  0 (solid), 1 (open circles), 2 (dotted), 3 (solid squares), 
4 (dashed), and 5 (open triangles). Fj^iv) is weakly dependent on both u  and I  for 
u  > 40°. The similarity for different values of I  suggests that the residue momentum dis­
tribution may be only weakly dependent on the two-nucleon configuration when compared 
to the sensitivity to I.
which to some extent determine how the angular separation is probed in the reaction, 
but the angular correlation functions themselves appear only weakly dependent on the 
nucleon configuration. This indicates the residue momentum distribution will be less 
sensitive to the nucleon pair configuration than the total angular momentum I  and, from 
a spectroscopic point of view, while they will give a strong signal of the spin of the final 
state, finer details of the shell model wave function will be more difficult to probe.
Note that the probing of u  by the direct and exchange terms does not necessarily follow 
the same form. For the case where a = ol and /A =  /?2, where f t  denotes a particular 
orbital, we would expect the direct and exchange angular correlation functions to have 
the same functional form, though possibly a different phase. The examples considered 
here are all of this type. However, consider the case where a  =  a ', but I\  is even and f t  is 
odd. The parity Clebsch Gordan (ft0ft0|&0) will ensure that for the direct terms the sum 
over k will take only even values of k, but for the exchange terms only odd values of &, 
so the functional form of FF (w) will be certainly be different for the direct and exchange 
terms.
The angular correlation function is similar in form to the two nucleon position prob-
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Figure 4.3: Angular correlation function Fjj(w) for different [^+i/ 2]2 configurations cou­
pled to /  =  4, showing£ = 2 (dotted), 3 (solid squares), 4 (dashed), and 5 (open triangles). 
The functional form of Fjj(w) is weakly dependent on £.
abilities P /(s i ,  s2, ^ 12) (Eq. 2.42) shown in Refs. [17] and [60] as a function of (p12, the 
angle between s 1 and s2. The present result FE(w) arises from simple angular momen­
tum  algebra, whereas V f  requires numerical integration (over the co-ordinates) of the 
two-nucleon overlap. In Ref. [60] the two nucleon position probability was displayed for 
the S  = 0 and S  = 1 components for various configurations and it is clear that the 5  =  0 
and 5  =  1 components of Vf (su s2, (p12) are rather different as a function of (in that case) 
(p12, the angle between si and s2. We now express the angular correlation function Fj^iv) 
in L S  coupling.
4.2 Angular correlations in LS  coupling
Here we express the angular correlation function Eq. 4.9 in L S  coupling. The derivation 
is similar to and somewhat simpler than that for ^-coupling. We will see that it is the 
total orbital angular momentum L  that determines the probing of the two-nucleon angular 
separation and consequently the shape of the residue momentum distribution, and tha t 
the total angular momentum I  is of secondary importance. This will prove a useful tool 
for investigating the effect of the pair combination a  on the residue momentum width, 
with examples discussed in Section 6.6.
Our starting point is the expression of the cross section in L S  coupling (Eq. 2.105 of 
Section 2.3.5). Again considering the first direct term only we extract from this expression
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all quantities dependent on the projections of angular momenta, namely the four spherical 
harmonics from the singe-nucleon wave functions Eq. 2.98, and two Clebsch-Gordan 
coefficients from the LS'-coupled two-nucleon wave function, Eq. 2.97. We then evaluate 
the sums over A,
r 1 ( f i , f 2) =  5 3  ( W 2A2|LA)(4 Ai4 \'2|£A)
AgA^AgA
Yei^ h ) Y eiK(hTYe2X2(h)Ye,2y2(f2) \  (4.10)
By expanding the two Clebsch-Gordan coefficients using Eq. (3.11) of Ref. [46] we obtain
r L(ri, r2) = ^ 2  (—-*-)L il+X2J - Y ;  ^ i . ^ 2^2 ~
AiAaA'A^ kg
^iA i(ri)^ /A i(n)*^A ,(r2)^^(f2)* (4.11)
We now sum over A*, AJ pairs and combine spherical harmonics of the same co-ordinate 
fi, giving
j2p  p pi pt   I
r ^ f i ,  f 2) =  ^  Y ,  p W ( W i 4 ;  Afc) (40<0|A:0) (4040K 0)
Y { - ï ) qYkq{h)Yk- q{h), (4.12)
q
and define the partial angular correlation function r L(o;) =  r L(fi, f 2) as
r^(w) = ( - i ) W i- <i ^ ^ | ^ 5 3  W (4^2<4; Lk) (40<0|fc0) (4040 IW) p^cosoj). 
(4.13)
The partial angular correlation function TL(u) is then related to the full angular correla­
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tion function by
f  £1 « Ji 1 C 4  s Ji
r i »  = ^ ( - 1 ) ^ - 4  J e2 s  j 2 \  I e2 s  &
SL [  l  s  i  )  [ l  s  I
Lk)  (40<0|&0) (4040|fe0) Pü(cosa))
k
[ h  s i i  1 f A s i(  ']
=  E {  ^  5 À X  A « A  \  (4.14)
which is equivalent to the previous version in j j  coupling of Eq. 4.9.
It is now apparent that the partial angular correlation rL(o;) is independent of I
and that it is the total orbital angular momenta L  tha t is crucial in determining how
the angular separation is probed. In single-nucleon knockout it is the orbital angular 
momentum £ that determines the residue momentum width, with larger £ leading to 
wider distributions. The assumption here is that, in parallel with one-nucleon knockout, 
larger L  leads to wider heavy residue momentum distributions. This is consistent with 
the result that large I  lead to broader residue momentum distributions, since large I  must 
necessarily probe larger L. For each I  several values of L  may contribute, their relative 
strengths being determined by the 9j-coefficients and statistical factors of Eq. 4.14 and, 
structurally, where more than a single configuration a  contributions, by the two-nucleon 
amplitudes for a given transition. The relative weights of the L  values will depend not 
only on the total angular momentum coupling / ,  but also on the particular nucleon pair 
j i  and j 2 and we may find cases of different nucleon pairs coupled to the same I  that 
weight L  very differently, thus giving different residue momentum distributions.
We show the partial angular correlation function in Fig. 4.4 for L =  0 — 4, for the case 
of [d]2 removal. There is a strong sensitivity to the total orbital angular momentum L. 
The functional form of TL(u) is similar to the calculations of P /fs i, s2, (fu)  of Ref. [17] 
for S  — 0.
In the case where £ i=  £ 2 = £[ = £ r2 = 0 the only allowed value for k  in the summation 
of Eq. 4.13 is fe =  0. This must also be true for the equivalent exchange term expression. 
Since To (cos a;) is independent of u  the angular correlation function is then a constant 
and the corresponding cross section will be equivalent to the uncorrelated cross section, 
i.e. the fully correlated [si/2]2 case is identical in shape to the uncorrelated case. The 
uncorrelated case will be discussed further in Section 6.1.
We will consider in Section 6.6 some examples of the angular correlation function, in
(47r)2
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Figure 4.4: Partial angular correlation function Tl (uj) (Eq. 4.13) for [d]2, coupled to 
L =  0 (solid), 1 (dashed), 2 (dotted), 3 (open circles) and 4 (open squares). We see a 
strong dependence of TL(u) on L, but unlike the case of rE(iv), one wouldn’t  immediately 
come to the conclusion that larger angular separations lead to broader residue momentum 
distributions since L =  3 probes angles u  > 50° more strongly that L  — 4. Again we 
consider the calculations for Vf(si ,  52, ^ 12) of Fig. 3 in Ref. [60]. The S  = 0 contributions 
are explicitly displayed and for such cases I  = L, and match the functional form of FL(cv) 
once it is considered that a particular value of ipu will probe a range of u.
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particular, how one might use the relative weights of L  for different configurations coupled 
to a particular I  in order to find examples of residue momentum distributions that have 
different widths despite having the same total angular momentum. In this way precision 
final-state exclusive momentum distributions could be used to study the relative strengths 
of different two-nucleon amplitudes.
4.3 Approximate momentum distributions w ith an­
gular separation
We have seen that the angular correlation of the two-nucleons depends strongly on their 
coupling and that this is expected to determine the different heavy residue momentum 
distributions as I  is varied. The introduction of the angular correlation function Fh(w) 
prohibits the separation of integrals over n  and f 2 and so is not useful for practical 
calculations, but in principle da/dK,c should be sensitive to the values of the angular 
separation lj probed in the reaction. It is therefore of interest to explore this in some 
approximate fashion.
We calculate the residue momentum distribution da /d^c for particular fixed values of 
u;, by choosing very particular co-ordinates for nucleons 1 and 2. We consider the two 
nucleons at fixed and identical impact parameters 61 =  62 — bv where 6y||6c, such that 
S]L =  s2 =  s as illustrated in Fig. 4.5. For such an arrangement, the co-ordinate z2 can be 
written in terms of z x and the angular separation of the two nucleons u  by,
W ith the co-ordinates constrained in this way we may (numerically) integrate over 
the ^-co-ordinate, with the parameter w determining the corresponding value of z2, and 
so obtain the (approximate) residue momentum distribution as a function of the two- 
nucleon angular separation. As an example we consider the case where f t  =  f t  and 
a  =  a z so that the direct and exchange terms will have identical angular correlations and 
residue momentum distributions. The residue momentum distribution compromises the 
square modulus of an integral over the nucleon Zi-co-ordinate, with the second nucleon 
z2-co-ordinate given by the angular separation of interest,
z2 = s tan(tan 1 (zi/s) — co). (4.15)
J  dziw ^(ri)u^(r2)exp(m izi)exp(m 2z2(zi,a;)) . (4.16)
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Core
Target
Figure 4.5: Co-ordinates used in the approximate calculations for daldKcdw. The nu­
cleons have positions f l  = (s, zi) and =  (s, Z2), where Z2 is expressible as Z2 = 
s tan (tan - 1(zi/s) — oj)
In the following we have neglected the angular correlation function itself; for fixed angular 
separation it acts only as an absolute scaling factor. The objective here is to demonstrate 
that different angular separations give significantly different residue momentum distribu­
tions. The radial wave functions used are appropriate for 7r[0d5/2]2 removal from 28Mg and 
were calculated in a Woods-Saxon plus coulomb potential of standard geometry (r0 =  1.25 
fm, a =  0.7 fm, Vso =  6 MeV). Evaluating Eq. 4.16 numerically gives a residue momentum 
distribution dependent on the angular separation u  as shown in Fig. 4.6.
A simplistic calculation such as this cannot give a complete picture. The residue 
momentum distribution is expected to vary if si^sb- Since the target essentially samples 
a cylindrical volume near the surface of the projectile, the full reaction geometry and radial 
wave functions will constrain and sample w in a rather complicated manner. The analysis 
presented here does however demonstrate the basic expectation that the width of the 
residue momentum distribution increases as the angular separation u  increases. However, 
the width seems to saturate at about 30°, after which it is approximately constant. This 
could be a feature of the approximate nature of the calculation; we have picked a very 
particular set of co-ordinates. W hat it would suggest is that, not so much that the broad 
components of the residue momentum distribution arise from large angular separations, 
but that the narrowest components arise from small angular separations, corresponding 
to some degree of spatial localisation and nucleon-pair spatial correlations.
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Figure 4.6: Approximate heavy residue momentum distributions as a function of the 
angular separation of the two nucleons, given by Eq. 4.16. The lines show angular 
separations of iv =  0° (solid), 5° (open circles), 15° (dotted), 30° (open squares), 45° 
(dashed) and 60° (open triangles). The curves are normalised to the same peak value. 
The width increases very rapidly for small u  (0° — 30°), but then becomes narrower 
(30° — 60°). At the largest kc the strongest contributions come from the largest co.
Chapter 5 
Approxim ations for
The formalism of Chapter 2 has shown that the residue momentum distributions are built 
upon one-dimensional Fourier transforms (in the beam direction z) of the single nucleon 
wave function (j>£j ( f ), defined as 7^a(s, k) (see Eqs. 2.86 and 2.93). The fully-correlated 
residue momentum distribution is then a complicated summation over the contributing À 
values, so some insight into the sensitivities of 1Z3ex is useful. Here we take approximate 
forms for the radial part of the single nucleon wave function U£j(r) in order to evaluate 
the integral 1Z{X analytically, giving some insight into the factors controlling the single 
nucleon momentum distribution and thus the full heavy residue momentum distributions.
Ideally, we retain an explicit analytical dependence on À when evaluating 7^A, since 
we have still to sum over À in order to obtain the full residue distribution. Classically, 
increasing alignment of the projection À of the orbital angular momentum £ corresponds 
to motion in the directions perpendicular to the beam direction. The nucleon therefore 
presents a larger cross sectional to the target and has relatively small momentum in the 
beam direction, corresponding to a larger cross section for large À states and particularly 
narrow longitudinal momentum distributions. This classical picture is discussed for the 
£ = 1 case in Ref. [61].
5.1 Properties of TZgX
Initially we consider the general properties of 1ZjiX, independent of any assumption about 
the radial wave function Uji(r). Firstly, it is essential that 1Z3a  depends on A, which 
enters solely through the associated Legendre polynomial. If TZ3lx is independent of A all 
terms in the summation of Eq. 2.93 have the same shape and the full residue momentum 
distribution will be independent of I  and thus independent of the final state populated. We 
also observe that the nucleon total angular momentum j  enters only through the nucleon 
radial wave function u^-(r), so that we might expect lZ3ex to be relatively insensitive to j
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for a particular value of t  and A. The value of j  is, however, important in determining 
which values of A contribute most strongly, through the angular momentum coupling 
factor
We can rewrite the exponential in Eq. 2.86 to explicitly show the z—odd and even 
parts, i.e.
7^x(s, k ) = ^à =  f  dz Ujt(r) P jA|(cos0) exp(Kz)
V 27T J —co
_ C i \_  f  p jAl (cos 9) [cos(%z) +  i sin(Kz)]. (5.1)
y  27T J — o o
The terms cos(zcz) and sm(/cz) are clearly even and odd about the midpoint of the integral, 
z = 0. This point corresponds to an angle 9 =  tt/2  about which (cos 9) is even if ^ +  A 
is even, and odd of € +  A is odd. Since the integrand must clearly be even for the integral 
to be non-zero, we see immediately that if I  +  A is even 7^A will be purely real, and if 
l+ A  is odd 1Z{X is purely imaginary. We also note that the former, involving only cos( k z ), 
will be symmetric about k =  0 , and the latter involving only sin (ft z) will be asymmetric 
about ft =  0. We note that since is defined containing P]A'(cos #;), the only difference 
between and P i_ x arises in the constant CtX
We first extend these general considerations by using a large £ approximation for 
Y£X(9:(p), applicable cases when,A <  £. We then consider two approximations for u£j(r)  
in order to solve the integral over z within 7^A(s, ft) analytically. We first approximate 
u£j(r)  by a Gaussian type wave function, expected to reasonably describe the exact wave 
function near the nuclear surface. We then use a Hankel function in place of w^-(r), which 
has the correct asymptotic properties.
5.2 Large £ approximations for Ye\(9, tp)
We begin by considering the large £ limit of the spherical harmonic Y£x(9, <p), given in e.g. 
Brink and Satchler [46]. Whilst 7l{x only contains the constant C£X and the associated 
Legendre polynomial PjA'(cos0), not the full spherical harmonic, the two results are dif­
ferent only by a factor exp(zAy?). The large £ approximation is applicable where I  >> A 
and is most accurate when 9 is not too close to either 0 or tt. In the present case we would 
expect that the largest contributions to the cross sections will arise from small values of 
z, corresponding to values of # % 7t/ 2 ,  so the large £ approximation should be reasonable. 
The approximation for Y£x(9, ip) that we will consider is given by Ref. [46], and for A >  0
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Yix(0, (p) «  —7= ^ "  sin [{i +  l)^  +  (2A +  l ) f ]
Vsmy
= Vr r -^ ' {sin [(I + i)^ ] cos [(2À + l)f]
Vsmy
+  cos [(I +  2)^] s n^ [(2 -^  4~ !)<[]} • (5-2)
The trigonometric terms involving (2A +  1 ) | involve an odd number times tt/ 4, have an 
absolute value that is independent of A, and introduce only a phase,
cos [(2A +  1 ) |]  = - ^ 2 - ,
sin [(2A +  l) f ]  = t-ÿ= -, (5.3)
where (—l) a =  (—1)^ if A is even and (—1)Q =  —(-1 )^  if A is odd. Since the only term  
within 7Z{a dependent on A is the associated Legendre polynomial, the only effect of A is 
to change the relative phase of the terms cos [(I +  \)9\ and sin [(I +  |)# ]. Since we can 
only either add or subtract these two terms there are only two shapes for TZ3iX from which 
the momentum distribution can be formed; those where A is even and those where A is 
odd.
We consider now the symmetry of the integrand of 7l3iX with respect to z =  0. The 
terms c o s ( k z )  and sin(Kz) are even and odd about z =  0 respectively, which corresponds 
to an angle 9 = tt/ 2 .  The radial wave function, depending on r only, is symmetric about 
z — 0 , so we consider
exp(wsz)%A(#,W [cos(/tz) +%sin(Kz)]
V2 smy
{ ( - ! ) “ sin [(£ +  \)ë \ +  (—ly 3cos [{i + 1)9]} . (5.4)
Whilst the large £ approximation is not universally valid since the maximally aligned case 
A =  I  will often be important, where it is valid we should see that 1Z\X % —7^A+2.
To illustrate the large £ approximation we consider the example of I  =  5, ^ [Ohn/2]2
removal from 136Xe, where the neutron separation is 5jv=7.4 MeV. (Note that for this
example, in an experiment the final residue states would also be populated indirectly, since 
Sp(136Xe) =  9.2 MeV, but it will suffice for the present discussion). The required radial 
wave function was calculated in a Woods-Saxon well of standard geometry r 0 =  1.25 fm 
and a =  0.7 fm, with the depth adjusted to reproduce the experimental separation energy. 
We show the calculations for the exact and large-l spherical harmonics in Figs. 5.1 and
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Figure 5.1: Exact calculations of =  8, k ) for £ = 5 and À values 0 (solid), 2 (dotted) 
and 4 (dashed), for two neutron removal from 136Xe. The open circles show results using 
the large £ approximation to T^(3, cp).
5.2 for even À and odd À respectively. As expected, the large £ approximation reproduces 
the small À distributions best and almost exactly in the À =  0 and A =  1 cases.
5.3 Gaussian wave function
We expect most two-nucleon removal events to occur when the nucleon is located near 
the projectile surface (see Fig. 2.4, 28Mg(—2p)). Provided the gross features of the wave 
function are reasonably described, the incorrect asymptotics of a Gaussian type wave 
function may be unimportant. In many cases we are interested in well-bound nucleon 
removal, where the contributions from the tail are in any case small. We take our nucleon 
radial wave function to be of the following Gaussian form,
ui(r) =  N(£) exp(—^ a 2r2 )r£, (5.5)
allowing us to calculate the integrals 7ZJex(s, k) for particular values of £ and A. This 
simple radial wave function is independent of j ,  so we neglect this label, writing instead 
Tlzx- N(£) is the ^-dependent normalisation constant of the radial wave function, which
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Figure 5.2: Exact calculations of — 8 , k ) for ^ — 5 and À values 1 (solid), 3 (dotted) 
and 5 (dashed). The open circles show results using the large t  approximation to 7^(0 , ip).
for I  =  2 is
# ( 2)
16a
IStt
7 1  1 /2
(5.6)
a  is an overall size parameter, scaling with the mass and size of the projectile. The size 
parameter is taken from Ref. [62], where
hu  =45A" 1/3 -  25A-2/3 MeV, 
/  mhu> \  x^ 2
\ ~ w )  ■
a =
(5.7)
(5.8)
a  decreases as the projectile mass increases ranging from 0.6 for 12C to 0.40 for 208Pb. 
W ith this approximation for i%(r), the integral to solve is then
aex■ex x/2rr / +oo dzexp(iK,z) exp(—| a 2z2) /P /(c o s  9). (5.9)
■oo
It is not clear how such an integral may be solved in general, but it is solvable analytically 
for particular values of £ and A, and here we explicitly consider the £ = 2  case. The simple 
analytic form for P/(cos 9) allows the general maximally aligned X = £ case for to be found.
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5.3.1 Explicit case of I =  2
The £ =  2 case is particularly important for many sd-shell examples of two-nucleon 
knockout, which are often dominated by the db/ 2 and d5/ 2 shells e.g. 22M g(-2n), 38Si(-2p) 
and 28Mg(—2p) discussed in Section 7.1. Here we use integrals from Gradshteyn and 
Ryzhik [63] to obtain
width determined by a. Larger mass projectiles lead to smaller a  i.e. a more diffuse 
nucleon wave function and narrower intrinsic momentum distribution. This reflects the 
uncertainty principle as the nucleon wave function becomes more extended. Classically, 
alignment of the angular momentum with respect to the beam direction z  means the 
nucleon orbits in a plane perpendicular to the beam direction and accordingly the addi­
tional factors k 2 and % in the A =  0 and 1 cases increase the width of the distribution as 
this plane is inclined towards the beam direction. Note that the A — O and 2 cases are 
symmetric about « =  0, whereas the A =  1 case is asymmetric, as expected by simple 
symmetry arguments.
As s, the distance from the core in the impact parameter place at which the nucleon 
is probed, increases, the Gaussian radial wave function suggests the width of TZ2\  to be 
constant for A =  1 and 2. The shape of the A =  0 case is determined by the relative 
strengths of the terms in (a2 -  a 4s2/ 2 -  %2). If the first two terms are larger in magnitude 
than the last term, T^o will have similar shape to TZ22. For most cases a 2 «  0.25 and 
ft2 «  1. For small s, the k,2 term dominates, giving a relatively broad distribution. ' 
For s >  6 the a 4s2/2  term will dominate and we would expect the 7Z2q distribution to 
approach that for TZ22 with the two being asymptotically identical (in as far as we can 
draw conclusions from the asymptotically incorrect Gaussian wave function).
Whilst we have derived simple analytic forms for 77^ explicitly for 1 =  2 , the functional 
forms for each value of A are different and it is difficult to see how one might produce
7^ 20 (s, «) =  X 0(s) exp(-K 2 / 2 a 2)
[a2 — a As2 /  2  — K2)\/27r
6i^/7rsK
(5.10)
where the s dependent coefficient X\(s )  is common and is
(5.11)
The shapes of the momentum distributions are essentially Gaussian, exp(-K 2/2 a 2), with
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a full heavy-residue momentum distribution; as this involves a sum over four À values 
weighted by the appropriate Clebsch-Gordon coefficients.
5.3.2 General case for \  =  £
Here we consider the case where À =  I, the maximally aligned case. Classically, we might 
expect the cross section for the maximally aligned case to be the largest, since the nucleon 
orbits perpendicular to the beam direction and presents the largest cross sectional area 
to the target (see e.g. Ref. [61]). The associated Legendre polynomial has the rather 
simple form. Taken from Abramowitz and Stegun 8.6.16 [57], the maximum projection 
associated Legendre polynomial is
ff(cosO) = ( - l / ( s i n ^ ( 2 ^  -  1)!!. (5.12)
The integral H u  for a Gaussian radial wave function then becomes
H u (s , k)  = —j = N ( £ )  exp(—| a 2s2)
V ztt
/+oo dzexp(mz) exp(—^ a 2z2) re (—1/ ( s in # /(21 — 1)!!. (5.13)
-oo
By virtue of the fact that (sin Of = the integral is much simplified, and by again 
using the integrals from Ref. [63] we obtain the result for the maximally aligned case,
Hu(s,  k) =  ^  N(t)  e x p (-- |a 2s2) ( -1 /(2 1  -  1)!! se exp • (5-14)
The width of the fully aligned X = £ component is independent of i  and depends only on 
the projectile range parameter a. As expected from the symmetry properties of P/(cos #), 
the fully aligned distribution is symmetric about k =  0 .
5.3.3 Full residue distribution for the maximally aligned case
It is difficult to take the Gaussian approximation further to obtain a full residue mo­
mentum distribution, since we must still sum over all À weighted by the appropriate 
Clebsch-Gordon coefficients. The one case where we can proceed is that of the maximally 
aligned case (for the maximum total angular momenta), i.e. Ai =  A2 =  Ai =  Ai =  2 . We 
then need only consider P 22, specifically, the product of four such functions. Neglecting
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all but terms dependent on /q, the integral
dtt
I "rvv / 2
oc /  dKi /  dK,2 ô(kc +  *4 +  k2) |ex p (-K i/2a 2) e x p ( - ^ / 2<a )|
ocexp(—k2/û!2) / ex p (-(2K2 +  /tcK i)/a2)
J  —oo
ocexp(—k2/ 2q;2), (5.15)
should be characteristic of the maximally aligned /  =  4, ^  =  4. The last line is obtained 
by using Eq. 3.323.2 of Ref. [63]. We compare this result to the full calculations in 
Section 6.2.
5.4 Hankel wave function
asymptotic form, namely a Hankel function, appropriate for neutron wave functions. Lo 
Monaco and Brink [64], and Johnson [65] derive the one-dimensional (z) Fourier transform 
of ^ m(f) =  , (/?). The Hankel function has the correct asymptotic form for
the radial wave function, whereas the Gaussian wave function used previously does not. 
However, it describes inaccurately the interior of the wave function. The decay constant 
of the Hankel function 7  is related to the nucleon separation energy SN by
where /z is the reduced mass. For neutrons removed in 22Mg, where the neutron separation 
is Sn = 17 MeV, 7  =  0.88 fm-1. LoMonaco and Johnson’s starting point uses the full 
spherical harmonic, whereas we have already extracted the ip dependent part exp(zAy?) in 
our definition of K{x. We also include a factor I /v ^ t t  in our definition of 1Z{X. The result 
they obtain is
Here we consider an expression for the radial wave function t%(r) that has the correct
(5.16)
<Iia(s, k) =  V27r exp(zAy?) Ti{x{s, k)
4 n (s , k) =  / dzexp(iK,z)$i\(r)
J  —00
(5.17)
where 7 is defined as
7 =  \/t t2 +  72. (5.18)
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The minimum value of 77 comes when k =  0 such that 77 =  7 . The angle (3 of the spherical 
harmonic in Eq. 5.17 is complex and is defined such that its cosine and sine are given by
^  = 7 ^  = 7  ( 5 ' 1 9 )
si^ = v F ^ =y ( 5 -2 0 )
Note that the cosine of /? is purely imaginary and the sine is purely real. This requires
f3 to have a particular real part £Ke(/?) =  (2n+1^7r ; such that (3 = (2n+1)7r +  ifa, where n  is
an arbitrary integer. Spherical harmonics with complex angles require careful treatment, 
in particular in complex conjugation. The definition of the spherical harmonic in terms 
of a polynomial expansion is useful for calculation when the angle is complex. When it 
is required it may be evaluated using a polynomial expansion of the spherical harmonic 
[66],
Yex(P, <p) =  exp(i\<p) ^
pqn
p\q\n\ 2P+9
in
Tji nKn
y (5.21)
where the sums over p, q and n are constrained such that p + q + n = £ and p — q = \ .
The Hankel function approximation for ut(r) is exact in the asymptotic region, so 
we should naturally consider Eq. 5.17 as s becomes large. The asymptotic form for the 
modified spherical Bessel function [57] is
K\{r}s) y ^ e x p ( —77s). (5.22)
which is independent of A. The spherical harmonic is essentially a polynomial in k  and 7 , 
and will increase rapidly for k > 1. The values of k are curtailed by the modified spherical 
Bessel function K\(r]s) which decreases exponentially as k  increases due to increased 77. 
Larger s leads to a faster decaying exponential and a more severe attenuation towards 
large «, leading to narrower distributions if the nucleon is removed in more peripheral 
regions
The Hankel function explicitly contains the binding energy of the nucleon in 7 . As the 
nucleon separation energy Sn  increases, the parameter 7  becomes larger. This increases 
the rate of decay of the exponential Hankel function, so we expect that, relative to a 
more weakly bound system, smaller values of s will be emphasised. From the spherical 
harmonic Eq. 5.21, the 7  dependent part is rf~n/ ^  = (k2 +  q2)^”71)/2^ .  If 7  is larger, 
this factor will vary more slowly over a given range of «, giving a broader single-nucleon 
momentum distribution.
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Figure 5.3: Comparison of wave functions used in the calculations for The solid 
line shows the Woods-Saxon, dotted shows the Hankel function and dashed shows the 
Gaussian. As expected, the Hankel function overestimates for r  < 3 but is essentially 
identical to the Woods-Saxon for r  > 5. The Gaussian wave function is reasonable for 
r  <  6 but underestimates significantly for larger r.
5.5 Comparisons of approximations for 7i32X
Here we compare the approximations for 77.2a with the exact calculations using a wave 
function in a Woods-Saxon potential with standard geometry parameters r 0 =  1.25 and 
a =  0.7. The relevant radial wave functions themselves are shown in Fig. 5.3, where 
the Hankel function was normalised to the Woods-Saxon wave function at 20.0 fm. The 
Hankel function matches the Woods-Saxon exactly for r  >  5 and the Gaussian reasonably 
describes its gross features for r  <  6 . Note that the projection of s, being the projection 
of r on the xy  plane, represents the minimum value of r probed for the approximation of 
77.ia(s, k), so the accuracy of uj£(r) at r  =  s is only an indicator of the accuracy of 7li\.
The calculations are shown in Fig. 5.4 for A =  0, 1 and 2, for s =  2 , 4, 6 and 8 fm. 
As expected, the Gaussian is in better agreement at small s and the Hankel in perfect 
agreement in the asymptotic region. Calculations using the shell-model wave function 
show that the knockout events arise, for the example of 28M g(-2p), from s =  2 -  6 fm 
(see Fig. 2.4) and we would expect a similar probing in the present case of 22M g(-2n). 
Despite the simplicity of the Gaussian wave function, it describes 77.^a(s, k) well over this 
region, whereas the Hankel approximation strongly overestimates the importance of small
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Figure 5.4: Comparison of Hankel (dotted), Gaussian (dashed) and exact (solid) calcula­
tions of 1Ze\(s, k) for ^ — 2 and projections À (rows) and values of s (columns), appropriate 
for 22Mg(—2n). Note the rapid drop in the vertical scale as s increases (shown atop each 
column). The shape of the À =  1 and 2 distributions become somewhat narrower as s 
increases, and the À =  0 shape becomes similar to that of A =  2 for large s. For s >  6 
the Hankel function and Woods-Saxon calculations are essentially identical.
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S.
Whilst it is clear that a fraction of the cross section arises from events interacting with 
the tails of the nucleon wave function, a significant proportion arise from less peripheral 
events and the use of a Hankel wave function would lead to a large overestimation at small 
s, most likely giving a broader residue distribution. The predictions by the Gaussian wave 
function on the dependence on s are borne out by the full calculations. We see that the 
width of the distributions for A =  1 and 2 are only weakly dependent on s and that the 
A — 0 case becomes similar to the A — 2 case as s increases.
Chapter 6 
M om entum  distribution sensitivities
Residue longitudinal momentum distributions following single nucleon removal have a 
width characteristic of the orbital angular momentum of the removed nucleon, a signa­
ture exploited in numerous experiments with light exotic nuclei (e.g. Refs.[l, 47, 67]). 
In addition to the angular momentum content, they show a degree of sensitivity to the 
nucleon binding and reaction peripherally [5, 6 , 61, 68]. Here we use the complete for­
malism developed in Chapter 2 to, building on the approximations discussed in Chapters 
4 and 5 , consider such sensitivities for the more complex case of two-nucleon removal. 
Unlike eikonal models of single-nucleon removal, the cross section does not factorise into 
structural (spectroscopic factor) and reaction dynamics parts, so the dependence on the 
nucleon quantum numbers is less transparent. We will show that, consistent with earlier, 
simple estimates [16, 17], the total angular momentum of the two nucleons is the main 
factor determining the width of the distributions. The residue momentum distributions 
can thus be exploited for final-state spin assignments. For this reason the total angular 
momentum is of practical importance, but the discussion of angular correlations in Chap­
ter 4 showed the essential parameter controlling the width of the residue distribution is 
the total orbital angular momentum L. This leads naturally into discussions of the sen­
sitivity to different configurations, that is nucleon angular momenta £ and j .  We also 
consider the sensitivity to the nucleon binding energy and reaction mechanism (stripping 
or diffractive-stripping), and final state alignment effects.
Each sensitivity is illustrated with an example, taken to be two-proton removal from 
28Mg at 82 MeV/nucleon on a beryllium target, typically considering only the [Ocfe^ ] 2 
removal configuration (see Section 7.1.3 for details of wave functions and ^-matrices). 
The consideration of a single configuration greatly simplifies the calculation and related 
discussions. In physical examples there are often many two-nucleon configurations (de­
noted a  in Eq. 2.22) that contribute, consisting of a pair or orbitals and p 2 weighted 
by a signed two-nucleon amplitude C a JfI, and as such are usually more complex than
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the examples considered here.
6.1 Nucleon pair total angular momentum
In single-nucleon knockout the orbital angular momentum is the primary factor in de­
termining the width of the residue momentum distribution, with larger values leading to 
broader residue momentum distributions for a given separation energy. The analogue in 
two-nucleon knockout is the total angular momentum of the two nucleons 7, which must 
also couple the initial and final states 7% and J /. Previous work [16, 17] has shown there 
is a strong sensitivity to I  (based on calculations for fixed projections of the core-valence 
co-ordinate on the impact parameter plane si and s2) and in Section 4.1 we saw that the 
total angular momentum strongly alters the angular correlation of the two nucleons.
To date, all cases studied experimentally have involved an even-even projectile, the 
ground state spin of which is necessarily zero, so that final state spin J /  is equal to the 
total angular momentum of the orbital pair 7. This necessarily means only a single 7 
can contribute, and a strong dependence of the heavy residue momentum distribution on 
nucleon coupling 7 would allow us to identify the spin of the final states populated. This 
information is invaluable information for providing extensive structural tests in exotic 
nuclei. Cases where the projectile spin is non-zero will be more complicated. Several 7 
values can contribute to each final state, the strength of each being largely determined by 
the relevant two-nucleon amplitudes, so the width for each final state will be less distinct.
We illustrate the dependence on 7 by considering pure 7r[0d5/2]2 removal from 28Mg, 
shown in Fig. 6.1. The width increases with the total angular momentum with each state 
having a distinguishably different width. The full-width-half-maxima of the the 7 =  0, 2 
and 4 states are 200, 280 and 480 MeV/c respectively - a factor of 2.4 increase in width 
from 7 =  0 to 7 =  4. Intriguingly, the width of the 7 — 2 distribution is much closer to 
that of the 7 =  0 distribution than that of 7 =  4. We return to this point in Section 6 .6 .
The 7 =  0 distribution (FWHM%200 MeV/c) is particularly narrow and even signifi­
cantly narrower than the distribution resulting from single 7r[075/2] removal (280 MeV/c) 
from the same system. The 7r[lsi/2] single-nucleon removal distribution from 28Mg has 
FWHM%120 MeV/c. The uncorrelated case, calculated using Eq. 2.112, is also shown 
in Fig. 6.1 and does not accurately match the fully-correlated calculations for any of 
the final states, indicating the importance of the angular correlations induced by proper 
angular momentum coupling.
The essential differences when comparing the uncorrelated limit to the fully correlated 
calculations is that the angular momentum coupling of the two nucleons is neglected. 
In addition, we neglect antisymmetrization and restrict the projection of the orbital an-
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Figure 6.1: 26Ne residue momentum distributions for different pair couplings for pure 
7r[0d5/2]2 removal from 28Mg, showing 7 =  0 (solid), 2 (dotted) and 4 (dashed). Also shown 
is the [(M5/2] single-proton knockout distribution (open circles) and the uncorrelated two- 
nucleon removal distribution (open squares). All curves have been normalised to the same 
peak value. The fully correlated calculations show an increase in width as I  increases, 
none of which is well described by the uncorrelated calculations. The 7 =  0 case is 
significantly narrower than the single-nucleon case, which is of similar width to the 7 =  2 
case.
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F ig u r e  6 .2 :  F u l ly  C o r r e la te d  a n d  u n c o r r e la te d  k n o c k o u t  fo r  2 8 M g ( —2 p ) . S h o w n  a r e  [(M5 / 2 ]2 
c o r r e la te d  d is t r ib u t io n s  fo r  1 =  0 ( s o lid )  a n d  1 =  4 ( d o t t e d ) ,  a n d  u n c o r r e la t e d  ( d a s h e d ) . 
A ls o  s h o w n  is  t h e  [ ls i /2 ]2 1 =  0 d is t r ib u t io n  ( o p e n  c ir c le s )  w h ic h  h a s  id e n t ic a l  s h a p e  fo r  
c o r r e la te d  a n d  u n c o r r e la te d  c a s e s  ( s e e  S e c t io n  4 .2 ) .  A l l  c u r v e s  h a v e  b e e n  n o r m a lis e d  t o  
t h e  s a m e  p e a k .
g u la r  m o m e n t a  s u c h  t h a t  X =  X'. T h e  u n c o r r e la te d  c r o s s  s e c t io n ,  a s  w r i t t e n ,  is  c le a r ly  
in d e p e n d e n t  o f  t h e  f in a l s t a t e  p o p u la te d ,  a s id e  fr o m  a  m u lt ip l ic a t iv e  t w o - n u c le o n  “s p e c ­
tr o s c o p ic  f a c t o r ” b a s e d  o n  c o m b in a to r ic s  o r  c o e f f ic ie n t s  o f  f r a c t io n a l  p a r e n t a g e  ( s e e  e .g .  
[7, 8 ] ) , t h a t  w i l l  n o t  e f fe c t  t h e  r e s id u e  m o m e n t u m  d is t r ib u t io n  s h a p e . T h e  fu l ly  c o r r e ­
la t e d  a n d  u n c o r r e la te d  c a lc u la t io n s  for  [0 4 / 2 ]2 a n d  [ l s i / 2 ]2 c o n f ig u r a t io n s  a re  c o m p a r e d  
in  F ig .  6 .2 . W e  n o t e  t h a t  t h e  u n c o r r e la te d  a n d  f u l ly  c o r r e la te d  c a lc u la t io n s  a r e  id e n t ic a l  
fo r  t h e  [ l s i / 2 ]2 c o n f ig u r a t io n , b u t  t h a t  fo r  t h e  [(M5/ 2 ] 2 c a s e ,  t h e  u n c o r r e la t e d  c a lc u la t io n  
r e p r o d u c e s  n e i t h e r  t h e  /  =  0  or  /  =  4  fu l ly  c o r r e la t e d  c a s e s .
6.2 Final state alignment
T h e  a l ig n m e n t  is  a  m e a s u r e  o f  t h e  o r ie n ta t io n  o f  t h e  f in a l s t a t e  a n g u la r  m o m e n t u m  w i t h  
r e s p e c t  t o  t h e  z-axis  (b e a m  d ir e c t io n ) .  F o r  s in g le -n u c le o n  k n o c k o u t  i t  is  e x p e c t e d  t h a t  
t h e  f in a l  s t a t e s  p o p u la t e d  s h o u ld  b e  s o m e w h a t  a l ig n e d , t h a t  is , t h e  r e a c t io n  m e c h a n is m  
w ill  p r e fe r e n t ia l ly  p o p u la t e  f in a l s t a t e s  w it h  la r g e r  p r o j e c t io n s  o f  t h e  f in a l  s t a t e  a n g u la r  
m o m e n t u m  in  t h e  b e a m  d ir e c t io n  ( s e e  e .g .  F ig .  1 2  o f  R e f . [1]). C la s s ic a lly ,  t h e  la r g e r  
p r o j e c t io n s  c o r r e s p o n d  t o  t h e  n u c le o n  o r b it in g  in  a  p la n e  p e r p e n d ic u la r  t o  t h e  b e a m
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direction, such that when faced with a probe moving in the beam direction they present a 
larger cross sectional area than nucleons orbiting in a plane that lies in the beam direction. 
This results in a larger cross section for aligned final states. Such orbits, with the nucleon 
motion being largely confined to a plane perpendicular to the beam direction, also result 
in narrow residue momentum distributions (see Fig. 11 of Ref. [61], Ref. [6]). A first 
experimental observation of this predicted effect was recently observed in the angular 
distribution of 7 -rays following proton knockout from 32A1 [69].
Alignment effects have previously been observed in peripheral fragmentation reactions. 
Ref. [70] observe significant alignment of the high spin 19/2" isomer in 53Sc populated 
via fragmentation of 46Ti. Such reactions, where two-neutrons and a proton are removed, 
are beyond the scope of current discussions, and could contain strong contributions from 
mechanisms other than a single-step direct reaction. Nevertheless, a similar effect is ex­
pected in two-nucleon knockout and was searched for by Ref. [71] in 7  -  7  coincidences 
following two-proton removal from 32Mg. In Fig. 6.3 we show the /r-substate decompo­
sition of a 4+ state in 26Ne populated via pure [(M5/2]2 proton removal from 28Mg. The 
reaction has a tendency to produce aligned final states - the fractional population increases 
from 8 .6% for ^  =  0 to 17.1% for /z =  4. Increased alignment gives to narrower contribu­
tions to the residue momentum distribution, with full width half maxima (FWHM) of 600 
MeV/c for the ^  ^  O case and 260 MeV/c for the /z =  4 case. The FWHM of the total 
7 =  4 cross section is %480 MeV/c. It is clear that restricting the residue momentum to 
values near the central value will lead to a large degree of alignment of the residue. We 
discuss this alignment effect for high spin final states in the case of 208Pb(—2p) in Section 
7.2.
Regardless of / ,  we expect the maximally aligned state to i) be preferentially popu­
lated, and ii) have the narrowest residue momentum distribution. In Fig. 6.4 we compare 
d a / d K c distributions for the maximally aligned components of the /  =  0, 2 and 4 states 
resulting following pure 7 r [ 0 d 5/ 2] 2 removal from 28Mg, showing similar widths in all three 
cases. We also compare the Gaussian approximation for the maximally aligned case Eq. 
5.15, discussed in Section 5.3, which reproduces the expected residue momentum distri­
bution width rather well.
The primary result of such alignment effects will be non-isotropic emission of 7 -rays 
from the reaction residues. Ref. [69] observed this effect for the case of single-proton 
knockout from 22Mg and the 7 -ray the angular distribution was shown to be sensitive to 
cuts on the residue longitudinal momentum. In principle 7 -ray angular distributions and 
7 - 7  angular correlations can be used to deduce the multipolarity of the 7 -transition. 
The projectile alignment will also be important in two-step fragmentation reactions for
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Figure 6.3: Decomposition of the 26N e(JJ =  4+) residue longitudinal momentum dis­
tribution resulting from pure [0 4 /2]2 knockout from 28Mg into contributions from the 
different magnetic substates. Shown are /j, = 0 (solid), |jLt| =  1 (dashed), 2 (dotted), 
3 (dot-dashed) and 4 (dot-dot-dashed), and the total (open circles). The percentage 
(momentum-inclusive) populations are 8 .6 , 17.3, 18.1, 22.0 and 34.2 % for |//|=0-4 re­
spectively. The substate momentum distributions narrow as the alignment increases. 
The full width half maxima (FWHM) vary greatly for the different final state projections, 
from ~600 MeV/c for ^=0 to ~260 MeV/c for the maximally aligned /z=4. The FWHM 
for the total distribution is ~480 MeV/ c.
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Figure 6.4: 26Ne(77r) residue momentum distributions for the maximally aligned case 
(jj, =  / )  for /  =  0 (solid), 2 (dashed) and 4 (dotted) from [0d5/2]2 proton removal from 
28Mg, normalised to the same peak value. We also show the Gaussian wave function 
approximation for the maximally aligned case Eq. 5.15 (open circles). The distribution 
width varies rather little for different I  and the Gaussian wave function is shown to give 
a reasonable approximation.
81
secondary beams where the ground state has Ji ^  0. Further, in even-even projectile 
cases, if the projectile possesses isomeric states, it is likely to be somewhat aligned (though 
perhaps more pressing would be the population of the isomeric state itself, most likely 
giving significantly different final-state branching ratios).
6.3 Nucleon binding energy
We consider the degree of sensitivity of the two-nucleon stripping residue momentum 
distributions to the two-nucleon binding energy. In one-nucleon knockout it is well- 
documented that stronger binding leads to more spatially confined wave functions and to 
broader momentum distributions, a reflection of the uncertainty principle (see e.g. Refs. 
[5] and [1]). Given the importance of pair correlations, as already discussed, the resulting 
kc distributions are less intuitive in two-nucleon removal. The separation energies of well- 
bound nucleons are typically of the order of 15-20 MeV in cases of recent interest (and in 
later examples) and were 15 MeV per proton in the 28Mg test case used above. Figure 6.5 
shows results of fully-correlated calculations of the longitudinal momentum distributions 
for / 7r =  0+, 7r[0d5/2]2, two-proton stripping from 28Mg at 82 MeV/nucleon. The curves 
shown are for protons initially bound by 1, 2 , 5, 10, 15, and 20 MeV. The momentum dis­
tributions are subtly changed with the width increasing with the binding energy, but are 
nevertheless rather insensitive to the proton separation energy, particularly considering 
the range of binding energies covered. Within a particular example, the nucleon binding 
energies will vary by at most a few MeV due to the different final residue state excitation 
energies.
6.4 Diffractive-stripping contributions
The diffractive-stripping cross section is complicated by the projection-off of bound states 
for the elastically scattered nucleon. The diffraction operator /C&, is divided into two 
parts, /C2 which is similar in structure to the pure stripping terms, and /C3 which removes 
contributions elastically scattering between bound states. In Section 2.2.6 we rewrote the 
diffraction operator to emphasizes the expected surface localisation of the diffractive cross 
section, effectively replacing > 1 — <% for the diffracted nucleon, giving V2 and 
This replacement is useful for convergence of the integral over the center-of-mass impact 
parameter b and greatly reduces the significance of the projection-off terms, as shown in 
Table 6.1 for the example of pure 7r[0d5/2]2 removal from 28Mg. The correction falls from 
99% to just 15%. Fig. 6.6 shows the cross section as a function of the center-of-mass
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Figure 6.5: Sensitivity of the residue longitudinal momentum distribution following two- 
proton removal from 28Mg to the separation energy of the removed nucleons, showing 
(single-nucleon) binding of 1 (solid), 2 (open circles), 5 (dotted), 10 (solid squares), 15 
(dashed) and 20 MeV (open triangles), with all curves normalised to the same peak. 
Within a given physical example of an inclusive cross section the effective separation 
energy varies due to the different residue final states. The variation in the (single-nucleon) 
effective separation energy is typically 2 MeV. This considered, we would expect to see 
negligible variation due to changes in binding within a given example.
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State Operator &ds
0+ S i 15.924 15.635 0.289 98
(1 — S i ) 0.342 0.053 0.289 15
4+ S i 16.238 16.096 0.142 99
(1 -  S i ) 0.168 0.025 0.142 15
Table 6.1: Diffractive-stripping cross sections a f j  and a^3J arising from different parts of 
the total diffractive-stripping operator /CrfS. The two arrangements of the operator are 
shown, Si and (1 — Si), corresponding to /Q and ÎCi respectively. Fpo is the percentage 
of a f j  removed by For the original arrangement, the projection-off term removes 
% 99% of the first term, whereas with the rearrangement the projection-off is just 15%. 
For comparison, the single-proton 7r[d5/2] stripping cross section for the same system is 
dip = 11.66 mb, consistent with the expectation that the cross section af]  arising from 
/C2 should be of the order of twice the single-nucleon stripping cross section.
impact parameter for different diffraction operators /C2 and 7C2. We see that ÂZ2 probes b 
in a very similar manner to JCds, whereas /C2 vastly overestimates, particularly for large b. 
The significance here is that one can calculate the residue momentum distribution of £ 2, 
but not £ 3, so the reduction of the cancellation is critical to obtaining a reliable estimate 
for the diffractive-stripping residue momentum distribution.
It is also constructive to consider da/dsd, where sd is the projection of f  onto the 
impact parameter plane for the diffracted nucleon, calculated only for the first part /C2. 
The original arrangement using |<Si|2 gives the largest contributions when the nucleon 
is furthest from the target so we would expect larger contributions from the interior 
of the nucleon wave function (smaller s^). The calculations for da/dsd are shown in 
Fig. 6.7. When using the original arrangement of the scattering operator, the first 
term /C2 probes the interior of the wave function, but such contributions will be removed 
by the projection-off term. It is also suggested that the diffraction mechanism probes 
the peripheral components of the nucleon wave function moderately more than stripping, 
though how JC3 probes s is unclear. Fundamentally, residue momentum calculations based 
on /C2 will be inaccurate since the interior of the wave function is probed far too strongly. 
Based on the estimates of 7£JA, we see that the intrinsic momentum distribution becomes 
wider for small s, so we might expect full calculations based on /C2 to give distributions 
broader than expected.
We then compare the heavy residue momentum distributions resulting from the two 
arrangements of the operator in Fig. 6 .8 . Using the rearranged form the correction of £3  
is just 15%, so the heavy residue momentum distribution arising from JC2 is expected to be
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Figure 6 .6: Stripping-diffraction cross section as a function of core impact parameter for 
different arrangements of the diffraction operator; /C2 (dotted), jC2 (dashed), /C2 -  /C3 =  
/C2 — /C3 =  /Cds (solid) and stripping (open circles). Altering the diffractive operator 
/C2 —> iC2 vastly reduces the cancellation effect of /C3 and constrains the cross section 
arising from the first part of the diffraction operator to a much smaller range of b. The 
total (JCds, solid line) is unaltered by the substitution.
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Figure 6.7: Cross section for two-proton removal from 28Mg as a function of s for the 
diffracted nucleon for /C2 (dashed line) and JC2 (solid line), where the former has been 
normalised to the same area latter. Also shown is corresponding stripping cross section 
(open circles). The diffraction cross section is marginally more peripheral than the strip­
ping, though the localisation of the correction from iC3 is not clear. The adjusted operator 
K2 describes the expected surface localisation better than /C2.
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representative of the physical d(7ds/dKc. In this case the result is matches pure-stripping 
events very well, as expected from the similar surface localisation of the reaction mecha­
nisms. The original arrangement is very different to the pure stripping case, particularly 
for /  =  0. The momentum-integrated cross sections related to ÎCs can be calculated as 
described in Ref. [9] and Section 2.2.6, to obtain the momentum integrated cross section.
6.5 Centre of mass impact parameter
We investigate the sensitivity of the residue momentum distributions to the peripherality 
of the reaction, discussed here in terms of the minimum centre of mass impact parameter 
b. Widths of the residue momentum distributions following one-nucleon knockout are 
expected to be sensitive to the projectile impact parameter (see [5, 61]). Eikonal one- 
nucleon knockout and Coupled Discretized Continuum Channels (CDCC) calculations 
were compared for a range of residue angles (relative to the incident beam), with the 
calculations essentially coincident for the smallest angles [68]. If the residue momentum 
distribution were to be strongly sensitive to the centre of mass impact parameter it might 
offer a further test of the reaction mechanism. It is expected that for the present cases, 
where the nucleon binding energy is large, that cross section will fall rapidly as b increases.
Here we assume that the most forward going residues will result from the largest 
projectile centre of mass impact parameters, where there will be the weakest interaction 
of the core and target. We investigate the sensitivity of the residue momentum distribution 
to the centre of mass impact parameter by setting the minimum value for the integral 
over b. The values of b are chosen so as to give a certain fraction of the to tal stripping 
cross section, such that if one were to take the most forward-going residues there may 
be some effect on the residue momentum distribution. The calculations for /  =  0 and 
/  =  4 are shown in Fig. 6.9. The 7 =  4 case narrows significantly for more peripheral 
reactions, whereas the 7 =  0 case does not. The sensitivity is however relatively weak 
and the cross section falls very rapidly, such that a high precision experiment would be 
required to investigate such an effect.
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Figure 6 .8: Diffractive-stripping residue momentum distributions for TrfOds^ ] 2 removal 
from 28Mg showing contributions from the first part of the original diffractive term JC2 
(dotted), the first part of the rearranged diffractive term X)2 (dashed) and stripping term 
Ki (solid). The top panel shows 1 = 0 and the lower panel shows 7 =  4. The shape of 
the residue momentum distribution is clearly incorrect for the original arrangement in the 
1 = 0 case and the large overestimation in both cases is apparent.
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Figure 6.9: Sensitivity to the minimum centre of mass impact parameter on the residue 
longitudinal momentum distribution shape for pure tt[0^5/2]2 knockout from 28Mg for 
1 = 0 (solid lines) and 1 = 4 (dashed lines). The minimum allowed values of the projectile 
centre of mass impact parameter b are, for /  =  0, 0.00, 6.72 and 7.57 fm and, for 1 = 4, 
0.00, 6.79 and 7.64 fm respectively. These values of b correspond to a certain fraction of 
the cross section, being 100%, the outermost 10% and outermost 1% respectively. The 
1 = 4 case narrows much more quickly than the 7 =  0 case, but the difference is relatively 
small given the very large reduction in the cross section. All curves have been normalised 
to the same peak.
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6 .6  Total orbital angular momentum and nucleon 
pair configuration
We saw in Section 4.2 that the shape of the heavy residue momentum distribution is given 
by the incoherent sum of different couplings of the total orbital angular momentum of 
the two nucleons L. The assumption has been tha t larger L will lead to broader residue 
momentum distributions. Whilst the width may be fundamentally determined by L, 
it is worth remembering that even for an even-even projectile and a single two-nucleon 
configuration several L  values may contribute to a given final state. This will be further 
complicated when several configurations contribute, each of which will favour different 
values of L, which will not have identical distribution even for a particular L. Further, 
there will typically be cross terms (a ^  a!) that we do not consider here. Nevertheless, 
some configurations will allow only a single L. Where one of the orbitals is s-wave, the 
L value will simply be equal to the orbital angular momentum of the second nucleon and 
some states following unlike pair (np) knockout will also be constrained to a particular L.
Essentially we evaluate the last two lines of Eq. 2.106 (i.e. Eq. 2.109) to obtain 
d^str'b/d^c- Combinations of these must be added incoherently to give the distribution 
for a particular I.  We first consider the distributions for different L  for tt[0^5/2]2 knockout 
from 28Mg, shown in Fig. 6.10. The residue momentum distribution width increases as 
the total orbital angular momentum L  increases, so configurations coupled to a particular 
L + S  = I  tha t emphasize larger L  will have broader distributions. The difference in width 
is sufficiently large that subtle differences in the weighting of L  might give clearly different 
residue momentum distributions, particularly for large I. Further, the distributions get 
wider more quickly as L  increases.
Consideration of L S  coupling gives additional insight into the influence of the pair 
combination on the residue momentum distribution. The relative strengths of different L  
for a particular two-nucleon configuration are determined by the two 9j coefficients and 
by statistical factors (see first part of Eq. 4.14). We denote this by W ^ ,1,
W™,1 = I 12 S \  I', s A  !> L 2S 2. (6.1)
4 s h  I 4 s f i
4 s { 4 32
L S / L S I
The sign of the weight is determined by the two Racah coefficients. Where there is a 
single configuration the two Racah coefficients are identical and the weight is positive, 
but if two different configurations are involved (a  ^  a z) then the weight can be negative. 
As an example, we consider two-nucleon removal from the 0d3/2 and 0d5/2 orbitals,
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Figure 6.10: Residue momentum distributions (see Eq. 2.109 for L =  0 (solid), 1 (do - 
ted), 2 (dashed), 3 (open circles) and 4 (open squares) for 7 r [ 0 d 5 / 2 ] removal from Mg, 
which are independent of I. All curves are normalised to the same peak. Note that the 
width increases more as L  increases, consistent with the fact that the calculated I  — 
distribution is more similar to I  = 0 than J =  4 (see Fig. 6.1).
showing the weights of different L  for each I ,  as given by Eq. 6.1, in Table 6.2. We 
also show the isospin T  required for the total spin-space-isospin wave function to be 
antisymmetric. Consideration of like-nucleon knockout will involve T  = 1 components
only.
We first consider the 7r[0d5/2]2 configuration, and note that the fully calculated residue 
momentum distributions shown in Fig. 6.1 indicate that the J =  2 coupling case is more 
similar to the I =  0 distribution than the /  =  4, i.e. there is a larger increase in width 
going from /  =  2 -» 4 than /  =  0 -> 2. The L S  coupling weights in Table 6.2 show that
for this configuration the dominant L  values are for /  =  0, L =  0 and 1, for /  =  2, £  =  1, 
and for J =  4, L = 3. Since the dominant L in the /  =  2 case is closer to those of the 
L =  0 case, we might expect these residue momentum distribution to be more similar.
We now compare the single shell [(M5/2 ]2 removal to that from different shells, namely 
[Odg/JflhM, for 7 = 4. The weights for these cases are again shown in Table 6.2. The 
single shell combination weights L  =  3 most strongly, whereas the mixed shell knockout 
(T =  1) is predominately L =  4. We would thus expect the residue momentum distribu­
tion to be somewhat broader for the latter case than for the former. This is verified by 
the full distributions, shown in Fig. 6.11. The [IM5/2] [IM3/2] configuration gives a distnbu-
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[0(4/2]2 [0(4/2] [0(4/2] [0(4/ 2]2
I L S T I L S T I L S T
0 0 0 1 0.095 0 0 0 1 0.063
1 1 1 0.063 1 1 1 0.095
1 0 1 0 0.044 i 0 1 0 0.051 1 0 1 0 0.013
1 0 0 0.089 1 0 0 0.006 1 0 0 0.057
2 1 0 0.025 1 1 1 0.079 2 1 0 0.089
2 1 0 0.020
2 1 1 1 0.071 2 1 1 1 0.040 2 1 1 1 0.008
2 0 1 0.076 2 0 1 0.019 2 0 1 0.044
3 1 1 0.011 2 1 0 0.079 3 1 1 0.106
3 1 1 0.020
3 2 1 0 0.098 3 2 1 0 0.029 3 2 1 0 0.003
3 0 0 0.057 3 0 0 0.038 3 0 0 0,025
4 1 0 0.004 3 1 1 0.079 4 1 0 0.130
4 1 0 0.012
4 3 1 1 0.127 4 3 1 1 0.016
4 0 1 0.032 4 0 1 0.063
4 1 0 0.079
5 4 1 0 0.158
Table 6.2: Table of [Oc^/J2 and [Ods/Jpds/d weights Eq. 6.1 for the first direct term. The 
relative weights of different L  and S  for a particular coupling I  depend on the configura­
tion. The isospin T  is also shown and is that required to give an overall antisymmetric 
spin-space-isospin wave function. This simple calculation of two Racah coefficients and a 
statistical factor gives an indication of differences in residue momentum distributions for 
particular nucleon pairs. The sign of the weight is determined by the Racah coefficients 
and for the present cases (single configuration a  and direct term only) are all positive.
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Figure 6.11: Examples of J  =  4 heavy residue momentum distributions for MgC 2p) 
with different nucleon pair combinations. Solid lines and open points show re­
moval, dashed lines and solid points show [(Ms/dlOds/d removal. The full distributions are 
normalised to the same value at kc =  0, with the L  partial distributions scaled by the same 
factor. Circles show L =  3 contributions and squares show £  =  4 with the total shown 
by the solid line. The different relative strengths of £  =  3 and 4 for the different nucleon 
pair configuration gives a significantly different heavy residue momentum distribution for 
the same I  (dashed and solid curves).
tion distinctly broader than from [Ods/J2- Simply by expressing the residue momentum 
distributions in L S  coupling we have gained the ability to predict subtle differences in the 
residue momentum distributions associated with the (previously rather opaque) pair com­
bination. Further, high precision, final-state exclusive residue momentum distributions 
may be able to distinguish the relative strengths of the different two-nucleon amplitudes.
Similarly, we can compare the 1 =  2 states populated by the [(M5/2]2 and [Ods/z] 
configurations. The relative strengths of the different £  values would suggest th a t the 
former combination, predominantly probing £  =  1 and 2 , should be significantly narrower 
than the latter combination, probing predominantly £  =  3. This is indeed the case as is 
shown in Fig. 6 .12. Once again this shows the usefulness of L S  coupling for understand­
ing differences in the residue momentum distribution associated with the nucleon parr 
combination. The subtle differences in the component £  distributions for the different 
configurations can be attributed to differing radial wave functions.
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radial wave function for the different configurations.
A further interesting example is removal of a pair of nucleons with configuration 
[smltlj]- In this case we can populate states with I  = j -  1/2, j  + 1/2, and since the first 
orbital is s-wave we are constrained such tha t L =  £ and both the J  =  j  - 1 / 2  and j  + 1 /2  
states will have identical residue momentum distributions.
Further, consider population of two states following two-nucleon removal. In one case,
the nucleon pair configurations is [si/s] [4 +1/2] and tlle otlier ls i/2][(l +  2)<+2- i / 21' Bot^ 
combinations can populate states of spin 1 =  ^ +  1, but the former will be pure L = t  and 
the latter pure L = t  + 2, and as such, the latter state should have a much wider residue 
momentum distribution than the former, despite the final state spins being the same. An 
example is provided by 208P b (-2 p ), where two 3+ states are populated in 206Hg. One of 
w h i c h  h a s  the dominant configuration 7r[2s1/2]-1[ld5/2] 1 and the other 7r[2si/2] [OflT/a] 
The former will be pure L =  2 and the latter will be pure L =  4, giving the two states 
very different heavy residue momentum distributions, despite the final states having the 
same spin-parity J]  =  3+. This particular case is discussed m Section 7.2.3.
It should be noted, the physical examples will be more complicated than the simple 
limits discussed here. Usually several configurations contribute to population a particular 
final state and, although sometimes a single configuration will dominate, many of the most 
interesting cases are rather mixed. We have not considered cases where two configurations 
are not the same (i.e. a  ^  a'). Expression of the problem in L S  coupling does however 
provide some insight into the effects of the nucleon pair configuration.
Chapter 7 
Applications
Here we consider several applications of two-nucleon knockout using the formalism de­
veloped in Chapter 2. This work has been published in peer-reviewed journals and these 
papers can be found in Appendix B. The first set of examples consider residue momen­
tum  distributions for two-nucleon knockout reactions in the sd-shell: 22M g(-2n) [72], 
38Si(-2p) [12] and 28M g(-2p) [7]. Excellent agreement with experimentally measured 
residue momentum distributions is found. We then go on to discuss two-nucleon knock­
out from heavy systems, taking two-proton knockout from 208Pb as our example, exploited 
in recent isomer-decay spectroscopy experiments [18, 73] . The primary complication for 
heavy mass projectiles is the high density of residue final states below particle separation 
thresholds, which, in the absence of prompt 7 -decay measurements, makes estimation of
isomeric population ratios difficult.
In addition to the examples discussed here, a systematic study was made of two- 
neutron removal reactions for neutron-rich carbon isotopes. The removal of two weakly
bound nucleons requires careful consideration of indirect population of the final residue 
states via single-nucleon knockout to particle-unbound states. We do not discuss this 
example in detail here; it forms the basis of Ref. [31], which can be found in Appendix 
B .l. The primary conclusion is that the indirect process dominates the two-nucleon 
removal cross section for weakly bound nucleons.
7.1 Residue momentum distributions for system s in 
the sd-shell
Two-nucleon knockout has been applied most extensively to exotic sd-shell nuclei. In its 
most simple form, the reaction is used as a tool to populate excited states in very exotic 
species in order to perform 7 -decay spectroscopy, e.g. 34M g(-2p) [38] and 22M g(-2n) [72].
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Other experiments measure final-state exclusive cross sections allowing one to deduce the 
suppression of shell-model strength [9, 74] or investigate the evolution of shell struc ure 
[72 75 13] Recent examples have focussed on nuclei near the island of inversion [ 
and have deduced large changes in structure from particularly small two-nucleon removal 
cross sections. The island of inversion defines a region of nuclei near Na whose ground 
states are dominated by deformation-driving 2f c  (two-particle-two-hole) components due 
to a tensor-force reduced sd -  fp shell gap. The sudden change in structure reduces the 
initial-final state overlap, giving a small cross section. A similar island of inversion is 
predicted to exist at heavier masses, centred about “ Cr, which again has been studied
via two-nucleon knockout [15]. .
In all such experiments measurement of residue longitudinal momentum distnbut 
would give more detailed final-state information and offer verification of the reaction 
mechanism. The final state spins are often inferred from systematics, excited state energies 
or shell model calculations, but final state exclusive residue momentum distributions a ow
t o  . p i .  «o b .  -« d e . h™ . W , d i ™ «  « „ « , « p „ i « t o
t ta  , , i d u =  m omentum  d itr ib u t io n . M e ,  been m eem red, «emely M g (-2 n ) , &( 2p)
and 28Mg(—2p). In the 28M g(-2p), the high secondary beam intensity permitted e 
extraction of final-state exclusive residue momentum distributions for the first time. These 
examples were chosen primarily because of the quality of the experimental data availably 
Other examples are presented in Refs. [7] and [40], but are of lower statistically quality and 
suffer from strong experimental broadening. The results from this Section were published 
in Refs. [19] and [20] and these publications are reproduced m full m Appendices B.2
B'3In the following three examples, the required 5 -matrices were calculated as described 
in Section 2.1.3 at the appropriate mid-target projectile energy. The projectile an resi u 
radial density profiles were taken from Hartree-Fock calculations [43] using the SkX  effec­
tive interaction [76]. The real-to-imaginary forward scattering amplitudes were taken from 
the table of Ref. [36], appropriate for the lowest energy tabulated, 100 MeV/nucleon. A 
Gaussian finite range nucleon-nucleon interaction was used, with range parameter /? -  0.5 
fin. These are essentially identical to those used in the previously published work on these
examples (i.e. Refs. [9], [12] and [72]).
7.1 .1  Two-neutron knockout from M g
The main sensitivity of the residue momentum distribution was shown in Chapter 6 to 
be the total angular momentum /  of the two nucleons, with larger couplings leading to 
wider residue momentum distributions. The ideal test case would be final-state exclusive 
distributions resulting from two-neutron removal from a neutron-deficient system, since
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Figure 7.1: Separation energy schematic for 22M g(-2n), with separation energies taken 
from [48]. Since the removed neutrons are significantly more bound than the protons in 
22Mg, the asymmetric nucleon separation energies ensure that the final residue states are 
populated directly (thick arrow) rather than indirectly (dashed arrows).
diEerential energy loss in the reaction target would be minimal. Here we discuss two- 
neutron removal from 22Mg populating the 0+ ground and 2+ excited states in the 2°Mg
The removal of two neutrons from neutron-deficient 22Mg on a 188(4) mg/cm2 beryl­
lium target at 75 MeV/nucleon was studied experimentally in Ref. [72]. The primary 
motivation of the experiment was measurement of the first excited 2+ state for this T  =  2 
isotope, and its plane in the T  =  2 quintet of 2°Mg, 2°Na, 2»Ne, 2°F and 2°0 . The two- 
nucleon knockout reaction was exploited to populate this state. A single y-ray transition 
was observed, attributed to the decay of the first 2+ state (at 1.598 MeV) to the ground 
state. Though not discussed in Ref. [12], the final-state inclusive 20Mg residue momentum 
distributions were measured in the experiment, and will be the primary interest here.
Since 22Mg is neutron-deficient, we can be confident that the nucleon separation thresh­
olds, shown in Fig. 7.1, will ensure that final states of the 20Mg residue are populated 
directly. The proton separation threshold in 21Mg Sp =  3.226 MeV is significantly lower 
than the neutron separation threshold Sn = 14.730 MeV, so any particle-unbound excited 
states in 21Mg are expected to decay via proton-emission and so not populate states m
20Mg.
Of particular interest here is that the ground state is populated significantly more 
strongly than the excited 2+ state. The branching ratios, determined from 7 -ray spec­
residue.
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troscopy, were 84% and 16% respectively [77]. Though only final-state inclusive momen­
tum distributions were available, the strong ground state (I =  0) branching gives a narrow 
experimental residue momentum distribution. The theoretical calculations overestimate 
the 2+ branching ratio, giving 64% 0+ and 36% 2+, though whether this is due to theoret- 
ical underestimation of the ground state or overestimation of the 2+ state is not clear in 
the absence of absolute cross sections. Assuming the ground state is correctly predicted 
the 2+ state is then overestimated by a factor of three. This statement should be tempered 
by the absence of error bars for the experimental branching ratios.
Certainly the 2+ state is expected to be weakly populated in this reaction and the small 
cross section is consistent with other examples in the sd-shell; the quantity (r(2^)/[cr(0+) +  
(7(2+)] is in the range 0.1 -  0.2 for ^M g(-2p), 26Si(_2n) and ^A T (-2n) [9]. As ^M g 
is an A" =  10 nucleus the two removed neutrons are likely be the those in the sd-shell. 
The low energy excited states in 20Mg will be based primarily on excitations of the four 
protons outside a closed 16O core. The overlap of such excited states and the 22Mg ground 
state, where the four protons will be predominantly paired to angular momentum zero, 
is expected to be small. The alternative is dynamic excitation of the heavy residue in the 
reaction, which is neglected (spectator-core approximation).
The required two-nucleon amplitudes were taken from OXBASH shell model calculations 
[43] using a full sd-m odel space and the USD  effective interaction [78]. These are shown 
in Table 7.1 for the observed 0+ and 2+ states and the unobserved 4+ state. The 4+ state 
is predicted to lie MeV above the proton separation energy Sp(20Mg)=2.645 MeV [48]. 
Since only a single 1.589 MeV q-ray transition is observed, the 4+ state, if populated, it 
is presumed to decay via proton emission. Regardless of whether the state is proton- 
unbound, the shell model calculations suggest it would be extremely weakly populated. 
This is partly because it is accessible by fewer configurations ([(M5/2]2 and [6^5/2] [6^3/2] 
only) and partly as coupling the neutron pair to J  =  4 in the 22Mg ground state is even 
more exotic than coupling them to I  =  2. Were we to consider two-neutron removal from 
24Mg, the strength to excited states should be much stronger since it is then possible to 
break two pairs of neutrons each coupled to /  =  0. This is borne out by the shell model 
calculations for this case, also shown in Table 7.1. The 4+ state would be populated 10000 
times more strongly in the 24M g(-2n) case. Interestingly, the two-nucleon amplitudes are 
of the same magnitude for the first 2+ state in both cases.
The core-nucleon wave functions were calculated in a Woods-Saxon plus spin-orbit po­
tential as described in Section 3.1, the geometry of which was fitted to reproduce Hartree- 
Fock, {SkX effective interaction [76]), root-mean-square radii and separation energies, 
and the depth adjusted to reproduce the experimental effective separation energy. The 
two-neutrons are deeply bound, with two-neutron separation energy S'2n(22Mg) =  34.110
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[Qds/2]2 [ l s i / 2 ] 2 [0^3/2] [0^5/2] [0^5/2] [I51/2] [0^3/2] [1^1/2]
0.37840.25460.8029 -0.19830.5244-0.19370.10100.4566
-0.0175-0.0153
-0.3453-0.5187-1.2600 0.05700.12120.6136-0.04540.1516
0.71291.6780
J* Orbital R hf (fin) B Hf (MeV) r 0 (fm) B exp (MeV)— ^
EEE=™=H!;EtP ~
a = 0.7 fm was used and a spin-orbitl potential depth of Vo e
MeV. The details of the Hartree-Fock calculations, the fitted geometries and the root-
mean-squared radii are shown in Table 7.2. . . ,
We now discuss the 20Mg residue longitudinal momentum distributions. The mciden
22Mg beam has a narrow momentum spread of 0.5%, corresponding to a momentum wi
of A K a+2 »  40 MeV/c, which is essentially the only experimental broadening. As the
two-neutron removal reaction does not change the charge of the projectile, the differential
energy loss broadening in the thin 188(4) mg/cm2 beryllium target is minimal and e
experimental distribution, dominated by the 0+ ground state transition, is very narrow.
The calculated projectile-rest-frame distributions are stretched by the Lorentz factor 7 ,
convolved with the beam profile and centred on the experimental peak momentum. e
contributions from the ground and 2+ excited states are included, scaled to the expenmen-
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Figure 7 2- 20Mg residue momentum distributions following two-neutron knockout from 
22Mg The experimental data from Ref. [77] and the theoretical calculations for the
tal branching ratios. The experimental data is not normalised (counts), so the theoretical 
curves are scaled vertically to best match the experimental shape. Figure 7.2 shows the 
calculated 20Mg residue momentum distributions compared to the experimental data. 
The experimental distribution drops sharply below the theoretical curve at low energies, 
which is most likely due to limited spectrometer momentum acceptance [77], which also 
would account for the absence of a low-momentum tail seen in other two-nucleon removal
examples [7] and in single nucleon knockout e.g. [47].
Though the difference between the experimental and theoretical branching is reason- 
ably large ( W 0+) =  84%, W 0+) =  64%), the resulting momentum distributions are 
similar (solid and dotted curves of Fig. 7.2). The largest difference occurs, as one might 
expect, at the extremes of the residue momentum. Even in this simple case of two final 
states with little experimental broadening, it is not clear that one could use a final-state 
inclusive residue momentum distribution to deduce the branching ratios of the final states
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with great precision. One could spot gross differences; whether a strongly populated state
was bound or not, for instance.
Nevertheless, the agreement with present data is excellent, and though final-state 
inclusive, the reaction is dominated by the ground sate transition giving a very narrow 
distribution. It is not possible to reproduce a narrow distribution such as this using 
an uncorrelated theory that is essentially the convolution of two single-nucleon removal 
distributions (see Section 6.1).
7.1.2 Two-proton knockout from 38Si
Two-nucleon knockout allows the study of the evolution of shell structure far from the 
valley of stability. Of particular recent interest is the island of inversion, which defines a 
region of neutron-rich nuclei around 31Na dominated by deformation-driving 2luo intruder 
components due to the tensor force reduced sd — f p  neutron shell gap. The extent of the 
island of inversion and nature of the isotopes nearby, where the structure may change 
rather rapidly, is of interest. The two-nucleon removal cross section depends strongly on 
the size of the two-nucleon amplitudes, which express the parentage of the final residue 
in the projectile. A small cross section corresponds to a small overlap of initial and 
final states and, by implication, a large change in structure. Further, by making some 
assumption about the projectile and residue structure we can infer the proportion of 
intruder components.
The extent of the island of inversion is largely unknown, prompting the two proton 
removal experiment 38Si(—2p) to clarify the nature of 36Mg [12]. The Si ground state 
is well described by 0/kv neutron configurations. The 36Mg ground and excited 2+ state 
were expected to contain strong 2%w intruder components. The notation nfiw refers to the 
number of particle excitations across a major shell gap, in this case, neutrons across the 
s d - p f  shell gap. Only the OHuj components of 36Mg are accessible from (purely Ofuv) 38Si, 
so taking the ratio of the experimental cross section to a theoretical cross section based on 
the assumption of pure OTkv 36Mg gives the proportion of OHuj components in Mg. Note 
that though the reaction removes two protons, it is neutron intruder configurations that 
are important in reducing the initial-final state overlaps. This procedure was followed in 
Ref. [12], and good agreement for the proportion of two-neutron-two-hole components 
was found between the knockout analysis and Monte-Carlo shell model calculations.
The experiment in question used a 376(4) mg/cm2 beryllium reaction target with mid­
target projectile energy of 83 MeV/nucleon. A single 7 -ray transition was observed using 
7 -ray detectors situated at the reaction target, corresponding to the 0.660(6) MeV first 
excited 2+ state. The fractional populations of the ground and first 2+ states are 58(6)% 
and 42(6)% respectively. 38Si is already rather proton-deficient and we would expect the
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36Mg
S2p(38Si)=40.100
38Si
Figure 7.3: Nucleon separation threshold schematic for 38Si(-2p) taken from Ref. [48], 
showing the direct residue population (thick solid line) and indirect (dashed line) paths. 
The asymmetric separation energies in 38Si, 37Na and 36Mg ensure that the removal of 
two protons can only populate 36Mg residue states via a direct (one-step) reaction.
36Mg residue states to be populated directly due to the asymmetric nucleon separation
thresholds (see Fig. 7.3).
The calculations use two nucleon amplitudes taken from OXBASH shell model calcula­
tions [43] using the gd-pf-m odel space truncated to allow only Ohw excitations, with the 
S D P F  — M  effective interaction [79]. These were used in Ref. [12] and are tabulated in 
Table 7.3. The theoretical cross sections are thus calculated under the assumption that 
both 38Si and 36Mg contain only pure Oku excitations, that is, no excitation across the 
s d - p f  shell gap. This allows the deduction of the proportion of Oftcv partitions in 36Mg. 
Much like the case of 22M g(-2n) the ground and first excited 2+ states are populated and 
the absence of any additional 7 -ray transition indicates that any additional excited states 
of significant spectroscopic strength must lie above the 36Mg neutron separation energy 
Sn =  2.8 MeV, estimated from systematics. The neutron radial wave functions were cal­
culated in a Woods-Saxon (central plus spin-orbit) plus Coulomb potential as described in 
Section 3.1, with diffuseness a =  0.7 fm and spin-orbit depth Vso = 6 MeV. The geometry 
of the potential well was fit to Hartree-Fock calculations and the fitted geometry used to 
calculate the radial wave function at the experimental effective separation energy. The 
details of the potential parameters radial wave functions are shown in Table 7.4.
Of particular interest here is the 36Mg residue momentum distribution. The residue
7.1. EXAMPLES FROM THE S D -S H E L L 103
Jf [0^5/2]2 [0^3/2]2 M 2 [0^5/20^3/2] [1^1/20^5/2] [ l S l / 2 0 d 3 /2 ]
0+
2+
0.7674
-0.9977
0.1476
-0.0588
0.1182
-0.0189 -0.0362 -0.0389
Table 7.3: The s d  — p f  two-nucleon spectroscopic amplitudes Ca f for
38Si(0+)->36M g(Jj), calculated using the OXBASH shell model code [43] with the S D P F -  
M  interaction in isospin formalism, as described in Ref. [12]. These two-nucleon ampli­
tudes are calculated in a OHuj model space, which allows no excitations across the s d - p f  
major shell gap.
Jf Orbital R h f  (fm) B r f  (MeV) r0 (fm) (MeV) R t h  (fm)
0+ OJ5 /2 3.476 20.83 1.345 20.05 3.540
OJ3 /2 3.499 15.04 1.354 20.05 3.443
lS i/2 3.368 17.60 1.294 20.05 3.351
2+ OJ5 /2 3.476 20.83 1.345 20.38 3.533
OJ3 /2 3.499 15.04 1.354 20.38 3.437
lS l/2 3.368 17.60 1.293 20.38 3.343
Table 7.4: Hartree-Fock and fitted root mean square radii R  and separation energies B  
and fitted potential size parameters r0. A spin-orbit potential of depth Vso =  6 MeV was 
used and diffuseness parameter a  =  0.7 fm.
momentum distribution is essentially a property of nucleons in the initial state, but clearly 
only those that can be removed to populate a particular final residue. Though the assump­
tion of pure Ohui configurations for 36Mg leads to an overestimate the momentum-inclusive 
cross section, the reaction genuinely probes only Ofitu components since the 38Si wave 
function is predominately OW, and the residue momentum distribution should be well 
described. Unlike the 22M g(-2n) case the experimental broadening is significant. The in­
cident beam had a broad momentum resolution of 1.66%, corresponding to a momentum 
width of A K a+2 =  230 MeV/c. The differential energy loss in the thick 375(4) m g/cm 2 
beryllium reaction target causes additional (square) broadening of 290 MeV/c. Further­
more, when compared to the 22M g(-2n) case, the 2+ state is more strongly populated in
this case.
The calculated momentum distributions are shown in Fig. 7.4. They are scaled 
vertically to match the experimental distribution, with the 0+ and 2+ state components 
weighted by 58% and 42%, in accord with the experimental branching ratios from 7-ray 
data. The theoretical distributions are strongly broadened, but the agreement with the 
experimental data is excellent. The open circles show the theoretical calculations boosted 
to the lab frame, but excluding the strong broadening caused by the target and beam 
resolution. This result is considerably narrower than the convolved calculations, and is
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Figure 7.4: Final state inclusive 36Mg residue longitudinal momentum distribution fol-
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the present Figure).
dmilar in width to the 22Mg case shown in Fig. 7.2.
7.1.3 Two-proton knockout from 28M g
The removal of two-protons from 2SMg was shown to proceed via a direct reaction m 
Ref. [7], describing the final state inclusive 28Mg residue longitudinal momentum distri­
bution with the convolution of two ir[0d5/2] single-proton removal distributions. This is 
approximately equivalent to uncorrelated two-proton knockout distributions discussed m 
Sections 2 4 and 6.1. The inclusive cross section was also reasonably described within 
an uncorrelated knockout model. Later, the final-state exclusive cross sections were dis­
cussed in the context of a fully-correlated model taking into account stripping [8], and 
later diffractive-stripping [9] mechanisms. 26Ne is rather less exotic than either of the 
residues from previous examples (20Mg and 36Mg), having a neutron separation energy 
of S„ = 5.530 MeV. As a result, four 26Ne residue final states were observed, being the
\
+6.750 \
S„(27Na) ..................  '
Sp(2aWlg)=16.73 — ^
■1P
+5.530 S„(26Ne)
S2p(2SMg)=30.03
rect process (dashed arrows).
r  =  0+ ground state, the first (2.02 MeV) and second (3.70 MeV) 2+ excited states and 
the first 4+ state (3.50 MeV). The relatively large statistics for this experiment altows,
states is assured due to the asymmetric nature of the nucleon separation energies, as
“ ^ a n L  view of -M g, having four protons in the sd-shell would place 
all four in the 0d5/2 shell. We might therefore expect that two-nucleon con gura ions 
including this orbital to be strongest. As in Ref. [8] the required two-nucleon amphtudes
expect the widths of the residue momentum distribution to increase as the final state spin
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J f [0^3/2]2 [0^5/20^3/2] [0^5/2]2 [1^1/20^3/2] [IS1/2OCÏ5/2]
[Isi/aF
of -0.3015 — -1.0469 - — —0.3050
2f -0.0503 0.3736 -0.6365 -0.0608 -0.1392
4+ — 0.3313 1.5964 —
2f 0.0472 -0.0725 0.8530 0.16:16
0.1759
Table 7.5: Two nucleon amplitudes for states in 26Ne populated via two-proton removal 
from 28Mg, calculated using the OXBASH shell model code [43] in an sd-shell model space 
and "sing the U SD  interaction. For all four states the [ Q d ^ f  configuration contributes 
most strongly. The 2f, 4f and 2 |  excited states have energies 2.02, 3.50 and 3.70 MeV 
respectively. Note the error in the header of Table II of Ref. [8], pointed out m Ref. [9].
. n  Orbital R u r  (fm) B HF (MeV) r 0 (fm) Be"  (MeV) Rth ( fm f  
-------------------------  12.98 1.298 15.02 3.335
6.03 1.332 15.02 3.281
9.73 1.211 15.02 3.235
12.98 1.298 16.03 3.309
6.03 1.332 16.03 3.258
9.73 1.211 16.03 3.202
12.98 1.298 16.77 3.291
6.03 1.332 16.77 3.242
9.73 1.211 16.77 3.179
12.98 1.298 16.87 3.289
6.03 1.332 16.87 3.240
9.73 1.211 16.87 3.176
0+ Ods/2 3.328
Ods/2 3.526
lS l/2 3.399
2 f 0^5/2 3.328
0ds/2 3.526
lSl/2 3.399
4+ Ods/2 3.328
Ods/2 3.526
lSl/2 3.399
2 Î Ods/2 3.328
Ods/2 3.526
lSl/2 3.399
Table 7.6: Hartree-■Fock and c
single-nucleon wave junctions caicuiaucu. uoms v—  - ^ i '
plus Coulomb potential with diffuseness parameter a = 0.7 fm. A spin-orbit potential of
depth Vso =  6 MeV was used.
e.g. Fig. 6.5).
The radial wave functions are calculated with a Woods-Saxon (central plus spin-or it) 
plus Coulomb potential, as described in Section 3.1 with diffuseness parameter a =  0.7 
fm and spin orbit potential depth =  6 MeV. The Hartree-Fock and calculated root 
mean square radii and binding energies are detailed in Table 7.6. Due to the large initial 
binding the proton orbital root-mean-square radii vary little between the different final
states.
The original publication Ref. [7] presented only final-state inclusive 26Ne residue 
momentum distribution. Recently the inclusive distribution has been re-analyzed and re­
binned, and exclusive longitudinal momentum distributions for the J]  = 0+ ground state
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and 4 f excited state extracted. The 26Ne 4+ distribution was obtained by gating on the 
4+ to 2+ 7 -ray transition, observed at 1.48 MeV, in coincidence with the 26Ne residues. 
The 26Ne ground state longitudinal momentum distribution was obtained by subtracting 
the distributions in coincidence with the two 7 -ray transitions observed in the data set 
at 1.48 MeV and 2.02 MeV (2+ to 0+) from the inclusive distribution, after taking into 
account the 7 -ray photo-peak detection efficiencies at these two energies [80].
In order to compare with the experimental data, the theoretical calculation is first 
boosted to the lab frame, stretching the distribution by ~9  %. This distribution is 
the convolved with the Gaussian shaped incident 28Mg beam profile, of full-width-half- 
maximum 100 MeV/c. Finally, the theoretical distributions were convolved with a 240 
MeV/c square distribution, resulting from differential broadening in the 375(4) mg/cm 
beryllium target [77].
The calculated residue momentum distributions, both inclusive and final state exclu­
sive, are shown in Fig. 7.6. The agreement with the data is very good, particularly 
in the inclusive case where the error bars are small. The 0+ and 4+ exclusive distri­
butions, though being of lower statistical quality, are also well reproduced. The pro­
nounced low-momentum tail visible for the inclusive distribution is commonly observed 
in single-nucleon removal experiments. The theoretical distributions are symmetric since 
the eikonal approximation is energy non-conserving [68]. Continuum discretized coupled 
channels calculations for the diffractive part of single-nucleon knockout are able to repro­
duce the observed tails to some extent, but further contributions arise from the stripping 
events (see Ref. [30]).
7.2 Heavy projectiles - two-proton knockout from
2 0 8 p b
The examples discussed thus far have been confined to sd — p f  shell nuclei, the region 
of the nuclear chart most widely studied with two-nucleon knockout reactions. Recent 
experiments with nuclei near N  & 28, studying neutron-rich silicon, phosphorous and 
sulphur isotopes [13, 14], and near N  «  40, investigating structural changes in nickel, 
iron and chromium isotopes [15], have extended the use of two-nucleon knockout to the 
A =  40 -  70 region. These examples have shown the validity of two-nucleon knockout 
beyond the sd-shell and highlighted the versatility of the reaction as a probe of changes 
in nuclear structure. New radioactive beam facilities will provide a vast array of exotic 
radioactive beams spanning the range of the nuclear chart offering new applications of 
knockout reactions. Of particular interest here is the application of nucleon knockout to
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Figure 7.6: Measured (symbols) and theoretical (curves) inclusive and exclusive longitu­
dinal momentum distributions after two-proton knockout from 28Mg at 82 MeV/u. Panel 
(a) shows the measured inclusive distribution and the theoretical total (solid) onstructed 
from the weighted 0+ (dashed), (dotted), 4+ (solid, small open circles) and 2^ (dot- 
dashed) distributions. Panel (b) shows the 26Ne(0+, g.s.) distribution and panel (c) the 
26Ne(4+, 3.50 MeV) final state distribution. In both (b) and (c) the solid line shows 
the experimentally broadened (incident beam plus target) distribution and the dashed 
line shows the raw theoretical calculation after transforming to the lab frame. Panel (d) 
shows all distributions on a logarithmic scale. All the calculated shapes take account of 
the beam-prohle (Gassian, FWHM 0.1 GeV/c) and differential energy loss in the target 
(square, width 0.24 GeV/c) broadening.
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heavy mass projectiles.
Studies on exotic nuclei by the Rare ISotope INvestigation at GSI (RISING) populate 
isomeric states in heavy, neutron-rich nuclei via knockout and fragmentation reactions, 
which subsequently decay via 7 -emission, giving insight into the structure of very rare 
isotopes. Isomeric states have, for various reasons, inhibited decay, and are consequently 
long-lived. The population of isomers is essential to the technique, since any non-isomeric 
states decay promptly prior to the 7 -ray detectors. This makes prediction of the fractional 
population of a particular isomeric state, the isomeric ratio R, of great value. Such 
experiments typically fragment 208Pb or 23SU beams to produce a wide range of isomers. 
One application used isomeric states to study the angular momentum population following 
fragmentation of 208Pb [81, 82], though it was found tha t the isomeric ratios were generally 
underestimated by conventional abrasion-ablation fragmentation models [83, 84]. Many 
of the isomers studied involved reactions where many nucleons were removed, but for the 
most peripheral cases (one or two nucleons) we should obtain precise isomeric ratios from
a knockout model.
The primary complication in heavy mass cases is likely to be the high density of states 
below nucleon separation thresholds. Removing just two protons from 208Pb populates 56 
excited states in 206Hg, all of which are populated with reasonable spectroscopic strength. 
Removing four protons to populate 204Pt, a channel recently observed [18, 85, 86], gives 
several thousand excited states. Despite this complication such heavy-projectile cases are 
of interest as they provide an efficient method of producing very neutron-rich nuclei. Cur­
rent experiments measure the decay of isomeric states only, but the richest spectroscopic 
information is obtained via measurements of prompt 7 -decays and future experiments 
with heavy secondary beams will provide such measurements.
Here we consider the example of 208P b(-2p ), populating isomeric states in 206Hg. The 
recent RISING campaign [18, 86] studied the fragmentation of 208Pb on a thick 2.525 
g/cm2 9Be target at 1 GeV/nucleon. The exotic fragments are created at the beryllium 
reaction target, identified using the Fragment Recoil Separator (FRS) and associated 
detectors, and then stopped using a perspex stopper, after which their 7 -decay is ob­
served using Germanium detectors. The flight time from reaction target to stopper is 
approximately 200 ns, during which any non-isomeric states decay. These prompt de­
cays are not measured. This would necessitate placing Germanium detectors around the 
reaction target, which would be overwhelmed by X-rays and 7 -rays from other reaction 
products. This additional complication, that the feeding of isomeric states via 7 -cascades 
from higher lying states is essentially unknown, would be mitigated via measurements of 
prompt 7 s, though this presents a considerable experimental challenge.
7.2 .1  C alcu lation  d eta ils
Of interest here is the two-proton removal residue, namely 206Hg, for which two iso­
meric states are observed; the 5"  predominantly T rph ii/JpS i/J  hole state and 10+ pure 
wfO/r ]2 hole state. In both cases the decay is inhibited simply due to the weakness 
of the 7 -ray transition strengths. The 5" decays via S3 emission to the first excited 2 
state, and the 10+ decays via either a low energy (100 keV) E2 to the first 8+ state or 
an S3 to the first 7~ state [87]. These isomers and the additional states observed m their 
7 -ray cascades are shown in Fig. 7.7. From the decay of the 10+ isomer it is clear that 
the 5- isomer will be fed by at least the observed 7" and 8+ states and the 10+ isomer. 
The sum of the direct population ratios for these states, offers a minimum value for the
isomeric ratio of the 5 state. _
The projectile in the present case is less exotic than the sd-shell examples discussed in
Section 7.1 and the nucleon separation thresholds of 20SPb are more symmetric, as shown 
in Fig. 7.8. Nevertheless, the neutron separation threshold of 207T1 is lower than the 
proton threshold (though only by 0.5 MeV), and states above the 207T1 proton-threshold 
would be expected to decay via neutron emission. Further, we would expect the major­
ity of the single-proton hole strength to be exhausted before the particle thresholds are 
reached; the (most deeply bound) 7r[0g7/2] proton-hole state in 207T1 is a t 3.48 MeV. In 
order to populate the 10+ isomer, states above 11.1 MeV in 207T1 must be populated.
The required two-nucleon amphtudes were calculated using the O X B A S H  shell-model 
code [43] with the jj56pn model space and khhe interaction of Ref. [88]. The jj56pn model 
space includes five proton orbitals (2 s i / 2 , M3/2, l<fc/2> 097/2 and Oh.11/2)- In principle, six 
neutron orbitals, but in the present case (JV =  126) the neutron orbitals are completely 
filled. Note tha t since the the khhe interaction is a hole interaction, the two-nucleon 
overlaps are calculated with reversed initial and final states, such tha t they must be 
multiplied by +  1 [89]. The experimental excited state energies are well reproduced
by the shell model calculations (see caption of Fig. 7.7).
The two-nucleon amplitudes for the 5~ and 10+ isomers, and the 7 and 8 state th a t 
feed into the 5" isomer are shown in Table 7.7. The 8+ and 10+ states have pure 7r[0h11/2]- 
proton-hole configurations, as there are no other orbital pairs in the model space tha t can 
produce states of this spin-parity. The 5" and 7" states are predominantly based on the 
[0h n /2][2s i/2] and [Ohn/dlOda/J configurations respectively, but small mixtures of other
configurations also contribute.
In principle, the shell model can also be used to calculate transition m atrix elements
and thus transition strengths and 7 -decay schemes. The model space does not allow
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Figure 7.7: States observed experimentally via isomer decay spectroscopy in 206Hg fol­
lowing two-proton removal from 2^ P b . The two isomeric states, being the short lived 
10+ and longer lived 5" are of interest here. These four states represent a small fraction 
of the total number of the populated states in this two-proton knockout reaction and 
are observed only because they are isomeric or are populated following the 7 -decay of 
the isomers. The shell model calculation (see text) reproduces the experimental energies 
(2 .102, 2.466, 2.623 and 3.723 MeV) well, giving 2.101, 2.361, 3.621 and 3.658 MeV for 
the 5™, 7“ 8+ and 10+ states respectively.
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Figure 7.8: The one- and two-nucleon thresholds for the ™ Pb, 207T1 and Hg systems 
[481 The direct (thick line, labeUed -2 p )  and indirect (dashed lines, labelled - I p )  two- 
proton removal paths to 206Hg final states are indicated schematically.
[Ofen/aHOgr/a] [O fe n /j tld a /z ]  [ O f t n /J p s i /a ]  [Ofen/zj
0.949950.282170.13333
0.13024
0.01431
0.990880.03446
Table 7.7: Two-nucleon amplitudes for the high-spin states relevant to the isomeric states
The 8+ and 10+ states are pure [O/in/2] two proton hole configuration . 
be multiplied by ^ /2 J f + l^
Orbital R hf (fm) r 1 r0 (fm) Bac (MeV) Rth (fm)
0(77/2
1^5/2
1^3/2
25i/2
O/in/2
5.649
5.399
5.434
5.246
6.111
12.15
10.03
8.48
7.69
9.16
1.263
1.274
1.294
1.267
1.276
11.48
9.70
8.36 
8.00
9.36
5.671
5.421
5.450
5.249
6.121wMmmmm
fm and the spin-orbit potential depth Vso —6 MeV.
for E l  transitions [89]. Such transitions change parity between initial and final states 
and so the single-particle transition must involve the 0hn /2 orbital. It is not possible to 
couple this orbital to any other with angular momentum 1. However, some E l  strengt is 
inferred by observed transitions in the analogous nucleus 130Sn [90]. There, the observe 
8+ -* 7- transition lifetime cannot be explained without some E l  contribution, attributed 
to non-zero core admixtures. Since the shell model calculations would suggest few parity- 
changing transitions, the presence of E l  transitions might significantly alter the 7 -decay 
scheme Undue reliance on the shell-model decay-scheme is thus ill-advised.
The nucleon radial wave functions were calculated as described in Section 3.1, m a 
Woods-Saxon (central plus spin orbit) plus Coulomb potential, using a diffuseness param­
eter a =  0.7 fm and spin-orbit potential depth ^  =  6 MeV. The required Hartree-Fock 
calculations used the S k X  effective interaction [76]. Previously the nucleon binding en­
ergy has been taken to be half the two-nucleon separation energy plus the final resi ue 
state excitation. Due to the large number of final states, we have taken the nucleon m - 
ing energies to be the 208Pb single-proton separation energy plus the smgle-particle energy 
deduced from low-energy proton-hole states in ™T1. Only five radial wave functions need 
then be calculated instead of nearly 300. In any case, the final-state excitations for the 
vast majority of states are unknown and would have to be taken from the shell-model. 
The same approach was used in Ref. [16]. The details of the radial wave functions are
shown in Table 7.8. rmnn
The required ^-matrices were calculated at the incident ™ Pb projectile energy of 1000
MeV/nucleon, as described in Section 2.1.3. A zero-range nucleon-nucleon (NN) effective
interaction was used with strength determined, in the usual way [36], from the free nn  and
up total cross sections. The real-to-imaginary ratios of the forward scattering nucleon-
nucleon (NN) amplitudes were taken to be zero, since the NN amphtude is essentia y
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absorptive for the energy in question. The underlying (high-energy) approximations are 
expected to be particularly good at the energies considered in this example. The 206Hg 
density profile is taken from Hartree-Fock calculations using the SkX  interaction. The 
interaction was fit to, amongst many other data, the charge radius of 208Pb, and calcu­
lations were shown to accurately reproduce the charge-density profile of Pb [76]. In 
comparison to the cases discussed earlier, the incident projectile energy is more than an 
order of magnitude larger, in an energy regime where the eikonal approximation should 
be very good. As the projectile energy increases the diffractive-stripping mechanism be­
comes less important, being only ~25% of the pure stripping cross section in the present 
case, compared to -75%  in the case of 28M g(-2p) at 82 MeV/nucleon.
The thick 2.525 g/cm2 target is used in order to optimise the experimental yield of more 
exotic isotopes studied in the experiment (204P t for example). Aside from broadening the 
resulting reaction residue momentum distributions, it is possible tha t two-step reactions 
will occur in the target. W ith regard to the present example, the 206Hg residue states 
could be populated by two sequential single-proton knockout events, populating 206Hg via 
the intermediate residue 207T1. The probability of interaction in the target is small and the 
chance of two separate interactions even lower, but the single proton removal cross section 
considerably larger than that for two-proton removal. Using a simple method based on 
analytic integration through the thickness of the target (see Appendix A), we estimate 
that for the present case, the percentage of events arising from two-step process is —8% 
of the total, and so we neglect such events. However, precisely which final states such 
processes would populate is not clear; if they were to favour low-spin states for instance, 
the isomeric ratios could be (marginally) affected.
The calculated cross sections, including contributions from pure stripping, diffractive- 
stripping and pure diffraction (estimated), are shown in Table 7.9. All 56 states populated 
are shown, though the last four, based on strong 7r[0#7/2]2 proton-hole configurations are 
predicted to be neutron-unbound by the shell model. The cross sections is spread across all 
the states, with each contributing — 1 — 4% of the total strength. This is in stark contrast 
to the sd-cases where at most four states are populated and there is often considerable
concentration of strength.
The calculated isomeric ratios are shown in Table 7.10. The 10+ isomer is assumed to 
be populated only directly, that is, without significant feeding from q-cascades. It is the 
highest spin-state allowed by the model space, with proton-hole configuration tt[O/in/2] • 
The high-spin states above the isomer are expected to bypass the 10+ isomer; the 8 
(4.091 MeV) and 9" and 8" (5.331 and 5.729 MeV) states have predominant proton- 
hole configurations 7r[0/iii/2] [2^5/2] and 7r[0/in /2][0g7/2] respectively. When the 10+ isomer 
decays it cascades through 8+ and 7 state and into the 5 isomer. The 5 isomer is
E / (MeV) cftot (mb)"
0.000 
0.999 
1.068* 
1.334 
1.623 
2 . 101*  
2.466* 
2.362 
2.493 
2.498 
2.596
2.637
2.638 
2.677 
2.699 
2.917 
2.932 
2.978 
3.086 
3.487 
3.536 
3.590 
3.623* 
3.723* 
3.909 
3.942 
3.987 
4.032
0.04 0.87 5“
0.04 0.83 6-
0.04 0.78 4"
0.12 2.52 6+
0.13 2.75 1+
0.16 3.46 3+
0,14 3.04 2+
0.16 3.38 5+
0.22 4.71 4+
0.11 2.41 0+
0.15 3.25 2+
0.11 2.36 6+
0.01 0.26 1 4+
.086 
4.091 
4.152 
4.284 
4.387 
4.565 
4.594 
4.785 
4.792 
4.818 
5.331 
5.541 
5.623 
5.642 
5.729 
5.735 
5.740 
5.758 
5.850 
5.968 
6.096 
6.099 
6.104 
6.127 
7.586? 
7.696t 
7.881  ^
7.886^
0.08 
0.15 
0.03 
0.04 
0.09 
0.05 
0.06 
0.04 
0.04 
0.03 
0.21 
0.08 
0.07 
0.08 
0.09 
0.07 
0.07 
0.07 
0.12 
0.04 
0.04 
0.04 
0.04 
0.04 
0.01 
0.03 
0.04 
0.03
neutron-separation threshold Sn =  6.729 MeV, are denoted by .
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State J7r Isomeric ratio (%)
Experiment
5“
(10+)a
(10+)6
21.91^
3-l±L2
o  9 + 0 .7  
"••"—0.8
Theory
5“ (direct only)
5“ (inch 7", 8+, 10+) 
10+
4.8
18.8
4.7
5" 32.5 [81]
Table 7.10: Theoretical and experimentally deduced [18] isomeric ratios for the 5 and 
10+ isomers in 206Hg. The errors on the 10+ state ratio include ambiguities associated 
with experimentally-missed 7 -ray intensity of the 364 keV 7“ -> 5” transition. Basing 
the isomeric ratio 011 the observed 10+ -> 7"- and 8+ -» 7" transitions gives value (a). 
Additionally including the 364 keV transition gives (b). We also show the theoretical 
estimate for the 5" state of Ref. [81], there based on the yields from the abrasion-ablation
code ABRABLA [83].
thus fed by at least the 7- , 8+ and 10+ states, and it is possible that further unobserved
transitions contribute to the observed yield.
Note th a t the calculated isomeric ratios assume that the spectrometer accepts the
complete longitudinal momentum distribution. In reality, since the 206Hg residue is so 
close hi mass and charge to the 2°8Pb beam, slits are placed in the spectrometer to
eliminate the unreacted beam [91]. This will tend to cut reaction residues at the extremes 
of the momentum distribution, disproportionally cutting those residue final states with the 
broadest momentum distributions. Depending on i) the degree of the cut, ii) the width of 
the reaction induced momentum distribution relative to incident beam momentum width 
and iii) the significance of additional experimental broadening effects, the isomeric ratio 
could be significantly affected. We consider the consequences of experimental cuts on the 
residue momentum in the next Section.
7.2.2 Isomeric ratio as a function of residue m om entum
The residue momentum distribution for the 10+ isomeric state is expected to be broad 
since the total angular momentum of the two nucleons is /  =  10. It is interesting to 
consider the isomeric ratio as a function of the residue momentum, which could alter the 
observed isomeric ratio if only part of the momentum distribution is transm itted through 
the experimental apparatus. Naturally we would expect the isomeric ratio for this high- 
spin isomer to be significantly larger for large rcc than for the central momentum kc = 0 . 
The 5” isomer is predominantly fed by high-spin states, so we would again expect the
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isomeric ratio to be larger at the extremes of the residue momentum. This effect can in 
principle be observed by gating on the inclusive residue momentum distribution, without 
the need to extract final-state exclusive residue momentum distributions.
We first consider the theoretical residue momentum distributions for the total cross 
section, and the 5“ and 10+ isomers. We also calculate the isomeric ratios as a function 
of the residue momentum kc. For the 5" state we included contributions from the 7” , 
8+ and 10+(isomeric) states. These calculations are shown in Fig. 7.9 for the projectile 
rest frame. The isomeric ratio depends sensitively on the residue momentum, with very 
large enhancements at the extremes. In the 5 case it would be particularly interesting 
to measure the isomeric ratio at the central momentum, where we would expect it to be 
significantly smaller than the experimentally determined (momentum inclusive) value. If 
this were not the case (once experimental broadening had been taken into account) it 
would indicate additional feeding from low-spin states.
The effect of the cutting the residue momentum distribution on the (momentum- 
integrated) isomeric ratio is not entirely apparent from Fig. 7.9. Though the isomeric 
ratio is much larger at the extremes of the momentum distribution, the cross section 
is strongly reduced, such that these regions will be less important in determining the 
total isomeric ratio. In Fig. 7.10 we show the isomeric ratio as a function of Kmax, 
where the isomeric ratio has been calculated assuming that only the events for which 
- K , max <  k c <  Kmax are transmitted through the spectrometer. This calculation tells us 
that in the absence of experimental broadening, the spectrometer must transmit ±3007 
MeV/c about the central momentum in order to correctly obtain the isomeric ratio, where
7  is the Lorentz factor.
In practice slits are placed within the fragment spectrometer which restrict the trans­
mitted fragments on the basis of their ^-position (that perpendicular to the beam direc­
tion). For the present case of the near-beam residue of 206Hg the primary function of the 
slits is to eliminate the beam from the spectrometer to protect detectors downstream. 
The slits are placed after first bending magnet of the spectrometer, at which point the 
^-position is correlated with the fragment longitudinal momentum. The slits will have 
a tendency to remove the extremes of the momentum distribution, which will dispropor­
tionately affect residue final states which give broader residue momentum distributions 
i.e. high-spin states. Whether these cuts will affect the current experimental isomeric 
ratios depends on i) whether the slits are tight enough to significantly restrict the residue 
momentum, ii) the nature of such a cut i.e. whether it disproportionally cuts the extremes 
and where the peak position is relative to the center of the slits, and iii) whether experi­
mental broadening effects preserve the distinctive widths of the different residue excited
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Figure 7.9: 10+ (dashed) and 5“ (7", 8+, 10+, dotted) isomeric ratio as a function 
of heavy-residue momentum distribution. The top panel shows the residue momentum 
distributions themselves, with the 10+ and 5” distributions scaled by a factor of x20 and 
x5 respectively to make comparison of the shape with the total (solid) easier. The middle 
and bottom panels show the isomeric ratio as function of the heavy residue momentum, 
with the experimental momentum-inclusive values shown by the horizontal line with the 
shaded area indicating the experimental error. In both cases the isomeric ratio is strongly 
enhanced at the edges of the distribution.
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Figure 7.10: 10+ (dashed) and 5“ (7~, 8+, 10+, dotted) isomeric ratios as a function 
of the maximum allowed momentum relative to the peak momentum, i.e. the isomeric 
ratio for the region [-Kmax - «ma®]- Both isomers show a strong dependence on the 
residue momentum cut such that experimentally determined isomeric ratios will only 
match the theoretical values if the spectrometer transmits the ± 3007  MeV/c about the 
central momentum, where 7  is the Lorentz factor.
Note that the slit positions used in the following differ from those used m the pubbs e 
version Ref. [73], found in Appendix B.4. The slit positions used in the experiment are 
those of the published paper (0 - 1 0  mm), rather than those used here (±5 mm) but the 
following discussion offers an example of the potential reduction of isomeric ratios due 
to longitudinal momentum cuts. Those interested in the precise details of the curren
experiment are referred to Appendix B.4.
In the present experiment the spectrometer was tuned such that % =  0 corresponds
to the peak position of 208Hg, meaning tha t the 206Hg residue distribution is not centre 
in the middle of slits. The cut is thus asymmetric, cutting the low momentum si e more 
severely. We first obtain the residue momentum distribution before the slits, excluding 
contributions from the reaction mechanism itself. Assuming the beam is mono-energetic, 
the 206Hg fragments will have a momentum distribution arising from di eren la energy 
loss in the 2.525 g/cm2 reaction target, since the location of the reaction vertex is un­
known This is calculated using LISE++ [92] with the conventional reaction-induced 
momentum distribution (a parametrized Gaussian) disabled. Broadening via other mate­
rial prior to the first slit position is also included. The distribution of residues is given by 
LISE++ in terms of ^-position at the entrance to the slits (±5 mm) and can be converted
to momentum using
Ap _  Aæ (7.1)
p ~  D ’
where the fractional change in momentum Ap/p is related to the change m ^-position 
A x  divided by the dispersion constant D  =  2150 mm [91], which is a parame er 
spectrometer. Knowing that r  =  0 corresponds to p„ =  308230.1 MeV/c and Ap <  p «  Po
allows us to use
p =  Po +  Ap =  Po (  1 +
A x
~D
(7.2)
The projectiles lose energy in the passage through the target and the L I S E + +  calcula ions 
suggest the energy for r  =  0 is 831.16 MeV/c. All cross sections are calculated at the 
incident projectile energy E  =  1000 MeV/c. The cross section is expected to be weak y 
dependent on the projectile energy for the relativistic energies considered here, a s  the 
nucleon-nucleon cross section is weakly dependent on energy. The ratio of different fina 
states, i.e. the isomeric ratios, are expected to be essentially independent of energy.
The Lorentz stretch is rather larger in this case than in the previous examples due 
to the much higher beam energy, stretching the distribution by a factor of 2.07. This 
transformation leaves the characteristic widths intact. In fact, the Lorentz boost dimm-
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Figure 7 11* Theoretical cross sections as a function of laboratory frame residue mo- 
mentum K A, following convolution of the Lorente-boosted projectile rest f r a m e  and the 
target-broadened 206Hg distributions. The 10+ (dashed line, x20), 5 (dotted line, x5) 
and the inclusive (solid line) distributions are shown. The vertical lines show the momen­
tum  cuts imposed by the spectrometer slits; events between the lines are transmitted.
ishes the affect of the beam and target broadening effects as the intrinsic reaction induced 
width is then broader by comparison. Once the Lorentz stretch has been applied and the 
cross section appropriately normalised we can convolute the intrinsic reaction-induced 
momentum distribution with the broadening profile taken from the LISE++ calculation.
The convoluted residue momentum distributions are shown in Fig. 7.11. The sig­
nificant target-induced broadening makes the distributions for the different isomers and 
the total rather similar, reducing the differential cutting. Taking into account the slits, 
we can obtain adjusted isomeric ratios shown in Table 7.11. The 10+ isomeric ratio is 
reduced by 0.4% (8% reduction) and the 5" reduced by 0.6% (3% reduction). In total,
the slits cut out 24% of all events.
7.2.3 Exam ple momentum distributions
Longitudinal residue momentum distributions have not been widely studied, even in the 
Sd-shell. Experimental examples are thus rather limited in scope; the nucleons removed 
are restricted to sd-shell orbitals, and the maximum spin-state populated is J]  =  4+. 
The 208Pb(—2p) example offers more possibilities for interesting theoretical examples, as
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State C "  (mb) a f r  (%) (9%) 1 -  CTcut/(TfuU
5“ 0.683 18.7 0.504 18.1 0.25
10+ 0.178 4.9 0.126 4.5 0.29
Total 3.65 100 2.79 100 0.24
Table 7.11: Theoretical cross sections crstr and isomeric ratios Rth for assuming transmis­
sion of the full residue momentum distribution, and cut residue momentum distributions, 
taking into account the effects of the slits. The last column shows the fraction of events 
stopped by the slits.
i) there are a greater number of active orbitals covering a large range of orbital angular 
momenta, £ = 0 -5 ,  and ii) higher spin states are expected to be populated in the reaction.
We first consider the states that can be populated via the 7r[0/iii/2] 2 configuration, 
covering a large range of final-state spin, =  0+ -  10+. We assume any final states are 
pure two-proton hole configurations, but in reality the physical states have mixed conhg- 
urations, particular J "  =  ()+ and 2+. hi Fig. 7.12 we compare the residue momentum 
distributions for the 7r[0hii/2]2 pair for total angular momentum 1 =  0-1 0 . It is clear that 
the increase in width with total angular momentum coupling is expected to persist for 
high-spin states. Also shown in Fig;. 7.12 is the 7 =  0 distribution resulting from 
removal, which is remarkably similar to the /  =  0 distribution arising from 7r[0hn /2]2, 
showing the insensitivity to f. This is consistent with the analysis of two-nucleon angu­
lar correlations (see Section 4, Fig. 4.2), which show large similarities for the angular 
correlation functions F j^ (w ) for these two configurations.
Alignment of projectile-like fragments was observed in the fragmentation of 46Ti [70]. 
An 19/2" isomeric state in the -n n p  residue 43Sc was shown to be significantly aligned 
and tha t the alignment was dependent on the residue momentum. In this case, there 
may be indirect evaporative contributions that populate the 43Sc residue and in any case, 
the direct -n n p  reaction is beyond the scope of the current model. Nevertheless, the 
isomeric ratio is shown to increase and the alignment decrease for the extremes of the 
residue momentum.
We saw in Section 6.2 that different magnetic substates have rather different heavy 
residue momentum distributions. The maximally aligned states (classically) involve or-
bital motion on a plane perpendicular to the 2-axis (beam direction) and so are expected 
to have particularly narrow momentum distributions. Here we illustrate this phenomena 
for the /  =  10 case described above, shown in Fig. 7.13. Regardless of the residue momen­
tum  distribution, the J ]  = 10+ state is expected to be well aligned, with more than more 
than 50% of events leading to the state with |/i| >  8. As seen previously, the central part 
of the residue momentum distribution is dominated by highly aligned components and if
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one were to constrain the residue momentum such tha t |re0| <  100 MeV/c the alignment 
would >60% for H  =  10 and >90% for W > 8. The full set of fractional alignments are
shown in Table 7.12.
An illustration of the subtle effects related to the nucleon pair configuration is given 
by population of the 2°6Hg first and third 3+ states. The configurations of these states are
angular momenta L  must be equal to the £ of the second orbital (true when one orbita 
is s-wave). As we saw in Section 6.6 the total orbital angular momentum is critical m 
determining the residue momentum width. Thus, due to the small configuration mixing, 
these two 3+ states are populated with pure I  =  2 and I  -  4 contributions, an e 
heavy residue momentum distributions, shown in Fig. 7.14 are very different despite the 
final state spins being identical. The calculations in Fig. 7.14 use the full shell-modd 
two-nucleon amplitudes; we have not assumed that they are populated via the sing 
configurations mentioned earlier. As such, these two states provide a very clear example 
where the subtle differences discussed in Section 6.6 could be observed.
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Fûmre 7.13: Magnetic snbstates of the 10+ state in ^ H g  populated via T rphn /j removal 
from M8Pb. Shown are /,== 0 (solid), |jU,| =  1 (open circles), 2 (dashed), 3 (open squares), 
4 ((lotted), 5 (open triangles), 6 (dot-dashed), 7 (open diamonds), 8 (dot-dot-dashed), 9 
(solid triangles) and 10 (crosses). The solid circles show the total. States with 1^ 1 
populated with larger than 50% probability, increasing to >90% in the region -100 100 
MeV/c (shaded). See also Table 7.12.
Percentage population
M 0 1 2 3 4 5 6 7 8 9
10
Full 2.6 5.2 5.4 5.8 6.2 6.9 7.7 8.9 10.7 14.6 26.0
Cut 0.2 0.4 0.4 0.5 0.8 1.1 1.9 3.5 7.4 19.2 64.6
Table 7.12: Fractional populations of different magnetic substates of the heavy residue 
after TrfOhn/J2 removal from 208Pb, populating to the J]  =  10+ final state, based on pure- 
stripping calculations. Restricting the residue momentum to allow only events within 
±100 MeV/c of the central momentum significantly enhances the fractional population
of the large |/x| substates.
7.2. H EAVY PROJECTILES
0.6
0.4
T3
13 0.2
400200
k c (MeV/c)
■ —
and 370 MeV/c for [2si/2] [0 7^/2] configuration.
Chapter 8 
Conclusions
8.1 Summary
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widths axe expected to become more narrow. Both of these observations axe a consequence 
of the uncertainty principle and were made when using simple approximate forms for the 
radial wave function. If one could study the most peripheral events, by observing the 
most forward going residues for instance, the residue momentum width is predicted to 
decrease marginally for high-spin states, but remain essentially constant for /  =  0 .
Recent experimental examples were confronted and excellent agreement for the residue 
momentum distributions was found for 22M g(-2n), 28M g(-2p) and 38Si(-2p). The final- 
state inclusive distribution of 22Mg is dominated by the 7 =  0 transition to the Mg 
ground state, and is very narrow as a result. Two-proton removal from 28Mg is the first 
(and only) example where the cross section and secondary beam intensity were sufficient 
to extract final-state exclusive momentum distributions, and distributions for both the 0 
ground state and 4+ excited state the agreement is good, though the distinctive widths 
are somewhat obscured by the large degree of experimental broadening and still low 
statistics. Such experiments are now capable of being repeated using higher secondary 
beam intensities and significantly improved 7 -ray detection efficiencies.
Two-proton removal from 208Pb was considered in order to investigate the difficulties 
associated with heavy mass projectiles. The primary complication when heavy mass 
projectiles are concerned is the high density of residue final states below particle separation 
thresholds. Whereas for examples of two-nucleon knockout for projectiles with A  < 60, at 
most four states are populated, removing two protons from 208Pb populates 52 neutron- 
bound states in 206Hg, all relatively strongly. The experimental information in this case is 
limited to date to the isomeric population ratios for two isomeric states in Hg. Absence 
of prompt 7 -ray measurements complicates the calculation of isomeric ratios for states 
tha t are known to be fed in 7 -cascades from higher lying states. However, the isomeric 
ratios for the 5~ and 10+ isomers in 206Hg are well described when the observed feeding is 
taken into account for the former. Further, we discussed the associated residue momentum 
distributions, to which the isomeric ratios for these high-spin states, in principle, show 
a strong sensitivity. We also highlight the consequent importance of the (experimental) 
spectrometer momentum transmission in determining the isomeric ratio.
8.2 Topics of further interest
8.2.1 H eavy system s
Future radioactive beam facilities will provide a wide range of heavy radioactive beams. 
Here we have described the removal of two protons from 208Pb, populating isomeric states 
in 206Hg, offering insight into the possibilities and complications of knockout with heavy 
projectiles. Though the isomeric ratios are reproduced by current calculations, they are,
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by definition, a relative quantity and measurements of the absolute cross sections for 
individual final states are vital for verification of the theoretical methodology for heavy 
projectiles. The present experiment did not have adequate monitoring of the incident 
primary 208Pb beam intensity to allow the determination of absolute yields.
A simpler test of the reaction mechanism for heavy projectiles would be provided by 
single-nucleon removal. In particular, single-proton knockout from ^ P b  will populate five 
(simple) proton hole states, one of which is the 7r[0hii/2]-1 isomer with half-life 1.3 s. In 
addition to the isomeric ratios, the absolute cross sections are needed to quantify deduced 
spectroscopic factors against e.g. regular kinematics (e, e'p) analyses that are available 
for this stable target [94, 95]. Similarly, one-neutron removal from ^ P b  would populate 
the Ti/2 =0.8 s 14OA3/2]-1 isomeric state, also providing an excellent large orbital angular 
momentum example. Other proton-removal examples of heavy targets studied with (e, e'p) 
are given in Ref. [95], e.g. % ,  142^  ^  2°Gpb. These examples wifi provide a vital
benchmark.
8.2.2 Isomeric beams
Accurate prediction of isomeric population ratios is clearly important for isomer decay 
spectroscopy, which relies on the 7 -cascades resulting from direct population of isomeric 
states. Another topic of interest connected with isomers would be nucleon knockout from 
secondary beams known to be, at least partially, isomeric. The final states populated could 
be considerably altered since the initial states would have significantly different config­
urations. A further consideration would be the need to take into account the effects of 
the potentially large alignment of the isomeric beam, as were discussed m the 208P b (-2 p ) 
example. As an example one might conceive of populating the 206Hg residue states via two 
step fragmentation of 208Pb, populating 206Hg final states via single-proton knockout from 
the single-proton knockout residue 207T1. We would expect the T1 /2 =  1-3 s J n =11/2 
isomeric state to be strongly populated, with some excited states in 206Hg, notably the 
10+ isomer only able to be populated via the intermediate 11/2- isomer. Knockout from 
secondary beams produced via fragmentation reactions, particularly those far from the 
projectile in mass, will require careful consideration of the secondary beam states in order 
gain useful spectroscopic information from the secondary reaction.
8.2.3 Unlike pair knockout
Recent electron induced knockout experiments have precisely probed unlike pair correla­
tions for 12 C [96]. They find that the unlike nucleon pairs are approximately ten times 
more prevalent than like-nucleon pairs. It is a question of repeated interest as to  whether
such correlations could be probed via unlike-pair knockout using nuclear targets. Little ex­
perimental evidence is available, but the few cross sections available [97, 98] suggest strong 
enhancement for np knockout over like nucleon pair knockout and significantly more that 
one would expect from simple combinatorics. We will consider here the systems w ere 
rap-correlations might be observed via nucleon knockout using a nuclear target.
Firstly, we assume that such correlations could only be studied when the residue 
final states are populated directly and tha t it is not possible to distinguish the direct 
and indirect (evaporative) contributions experimentally. Therefore, we must consider 
systems with similar proton and neutron separation thresholds, preferably as large as 
possible. If the neutrons (protons) are weakly bound, we would expect large indirect 
contributions arising from single proton (neutron) knockout to particle-unbound states. 
Secondly, we would require that the projectile nucleus in question be relatively low in 
mass such that the final residue states cannot be populated via the removal of deep y 
bound nucleons, either directly or indirectly. These considerations constrain the potential 
candidates significantly; the best examples will most likely be 12C and (see e . 
,39] for like-nucleon stripping from 12C). This introduces the additional (experimental) 
complication of distinguishing the A -  2 residue from the incident beam, since m np 
removal the two will have the same mass-to-charge ratio. For this reason caution shou
be placed on current measurements. ^
Ideally, any experiment would measure single-nucleon and like-pair removal as we
as uTilikp. pair removal. The single-nucleon removal results are critical to quantify any
potential indirect contributions. If the nucleons are initially well-bound we might expect
the single-nucleon removal strength to be largely exhausted below the particle separation
thesholds in the A -  1 daughters. The two-like-nucleon removal results give important
verification. Final-state exclusive measurements would be essential to progress such an
analysis.
8.2.4 Deformed system s
Recent examples of two-nucleon knockout near the island of inversion observe strongly 
suppressed experimental cross sections relative to state-of-the-art spherical basis shell 
model calculations. The interpretation is tha t large deformation-drivmg intruder compo­
nents reduce the overlap of the initial and final states and that the shell model based on 
a spherical basis is inadequate to track such changes. The introduction of larger model 
spaces and additional cross-shell excitations can certainly replicate some of the features 
of deformation within a spherical shell-model basis, but there are severe computational 
constraints to such calculations. Near-future experiments on exotic nuclei of mass A>6 
take us beyond the reach of the shell model. Fhrther, deformation must be taken into ac­
count in both structural and reaction dynamical aspects. A new theoretical methodology 
is required, explicitly incorporating deformation from the outset.
Two-nucleon knockout is particularly useful for investigating changes m ^ ru c tu re fa r 
from stability. The island of inversion defines a region of neutron rich nuclei near Na, 
dominated by deformation-driving neutron M ' W  intruder configurations due to 
quenching of the jV =  20 sd -  /p  shell gap by the tensor force. Recent experiments 
have explored structural changes in the island of inversion, manifest as ^ex p ec ted  y 
small experimental two-proton knockout cross sections. In two-proton removal from Si, 
discussed in Section 7.1.2, the small cross section was attributed to large mixing o wo 
particle-two-hole neutron configurations in the residue (36Mg) wave function. These con­
figurations, inaccessible from the predominantly Ofc 38Si ground state, are symptomatic 
of the onset of deformation [12]. Fallon et al consider 32M g(-2P), deducing large neutron 
four-particle-four-hole components in 30Ne, suggesting this increases stability of F and 
31F m ] A new island of inversion associated with reduction of the IV =  40 shell gap is 
expected, with %  predicted to be the most deformed system in the region. Adrich ef 
al. observe a strongly suppressed cross section for two-proton removal from Fe (an order 
of magnitude smaller than found in two-proton removal from Ni), again attributed to 
deformation-driving intruder configurations [15]. The low-energy first 2 state m Si, 
measured via direct two-proton knockout, shows «S i to be a well-deformed oblate rotor 
and illustrates the disappearance of the spherical IV =  28 shell closure [14] Sue ex 
periments provide major challenges to our quantitative understanding of shell structure
changes away from the valley of /3-stability.
Whilst the primary interest would be the absolute cross section, which gives indications
of structural changes, a signature of deformation in the residue momentum distribution 
would be of great interest. Calculations for single-nucleon removal for deformed systems 
are shown to have characteristic features in the momentum distribution tha t cannot e 
replicated within a spherical knockout model [33]. In addition to large changes m structure 
associated with the onset of deformation, such a model would be applicable to cases where 
both projectile initial and residue final states are known to be deformed. Many secon ary 
beams of deformed projectiles will be available at the next generation of radioactive beam 
facilities and further theoretical development is required.
8.2.5 Weakly populated excited states
An interesting application of like two-nucleon knockout might be removal from nuclei with 
two protons and two neutrons above N  = Z  doubly magic nuclei, e.g. e or i. 
such a case we would expect to reasonably describe the structure of the projectile ground 
state as an inert core with pairs of valence protons and neutrons. The ground state will
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be predominately seniority-0 , where both pairs of (like) nucleons are coupled to /  -  0 , 
with small contributions from seniority-4 components where both pairs are coupled to 
I  ^  0. Assuming nucleon removal where there is no dynamic core excitation and cross­
shell (core-breaking) interactions, the only way to populate J /  f  0 seniority-2 states m 
the final heavy residue is to probe the seniority-4 components of the projectile ground 
state. Consequently we would expect such transition to be very weak.
In the case of 44T i(-2n) we would expect 0+,2+,4+ and 6+ states in 42Ti to be 
based on simple 40Ca plus 7t[0 /7/2]2 configurations. The 6+ state can only be populated 
via seniority-4 components of the projectile ground state wave function or via dynamic 
excitation of the two-protons in the interaction. The same is true for the 2+ and 4+ 
states, except that they may also be accessed by removing two sd-shell protons, giving an 
insight into relatively simple cross shell interactions. More generally, the study of cross 
shell excitations is likely to become a key theme of of structure studies at and near shell 
and subshell closures.
We would expect similar phenomena for any example with only two nucleons in the 
model space, i.e. two neutron removal from 20Ne or 22Mg, or two proton removal from 
44Ti or 46Ti. The 22Mg(—2n) reaction was discussed earlier in Section 7.1.1, though in 
this case, unfortunately, the 4+ state is expected to be proton-unbound.
Appendix A  
Two-step reactions w ith thick  
targets
The low cross sections for populating the most exotic isotopes for nucleon knockout and 
peripheral fragmentation reactions necessitate the use of thick targets in order to maximise 
the experimental reaction yield. This opens the possibility of multiple step reactions to 
populate the reaction residue of interest. In order to accurately compare with experimen­
tal production cross sections with such targets, the possible production of the isotope of 
interest through multi-step reactions must be considered. The LISE++ program [54, 92] 
can be used to give an estimate of the losses and multi-step contributions, using a method 
described in Ref. [99]. Here we make a simple estimate based on the integration of the 
yield through the target. This is of most relevance to the 208Pb(—2p) example discussed 
in Section 7.2, where a particularly thick target was used.
In experiments with 136Xe and 197Au beams [100], calculations suggested tha t “sec­
ondary reactions in target and degrader do not contribute noticeably to the observed yields 
of the proton-removal channels”. The thickness of the target used in these experiments 
were somewhat thinner (2.011 and 1.395 g/cm 2 9Be) than those used in the current 
RISING experiments (2.525 g/cm2 9Be, see Section 7.2), though similar proton removal 
channels were observed.
The following method was provided by Ref. [41]. To be specific, we consider the 
removal of two protons, where the only indirect two-step process will be sequential events 
involving the removal of one proton. The fraction of particles that interact in a target 
Nx, where x  indicates the number of protons removed, is given by
n x = ^ U r ,  (A.i)
At
where ax is the cross section in units of barns, T  is the target thickness in units of g/cm 2
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and At is the mass number of the target. We wish to compare the production of a 
particular isotope via one step and two step processes. We divide the target into m
segments of thickness t, such that the number of events leading to single proton knoc
after the first segment is given by,
N u  = X (7lt: ( A ' 2 )At
The notation N ab is introduced, with a is the number of protons removed via one-proton 
knockout events and b is the number of target segments. ^  is the single proton knoc on 
cross section, assumed known from experiment or taken from theory. The fraction of nuc ei 
having undergone two sequential one proton knockouts is zero after the first segme ^ 
After two segments the fraction of single-proton removal reactions JV12, and the frac 
of two-step two-proton removal reactions are
N u
jv22 =  • (A"4)
If this is extended to n  segments where t  =  T /n  we obtain
JV2’1 =  l1 +  2 +  3 +  -  +  *-” - 1 ^ ’
/  0.6 T \ 2 f n ( n - 1 ) \
— V A( n / V 2 J ’
(A-5)
2 \  A t J
where for the last line we have taken the limit as n o o  (i.e. infinitely thin segment t)^ 
The number of events from single-event two-nucleon knockout is given by Eq. A.I, giving 
the ratio of sequential to direct events as
(A.6)
Note tha t some assumptions have been made. Firstly, that the cross section for one- 
nucleon knockout is assumed to be independent of the mass number i.e.
AA) «  a(A -*A  -  AA). This assumption was also made m Ref. [99]. Second y, no earn 
attenuation within the target is taken into account and the cross sections are assumed to
not vary with energy.
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